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April 12, 2016

Problem 1. Let M — S! be the M6bius line bundle
0,1] x R/ (0,v) ~ (1,-v) — [0,1] /O ~ 1, [(t,v)] — [t].

Let f: S* — S! be the map z ++ 2% (where we now interpret S' C C). Show that the
pullback f*M is the trivial line bundle.

Problem 2. More generally, what is the pullback of M along the map S' — S, z s 2"?

Problem 3. Show that a general morphism
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of vector bundles is Cartesian if and only if it has the following universal property: Given
a vector bundle p: F — Bj and a general morphism ¢g: E — F, covering fg, there is a
unique morphism h: E — F; of vector bundles over B such that g = fg o h:
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Problem 4. A vector subbundle of a vector bundle p: E — B is a subspace £/ C E
which intersects each fibre of E in a vector subspace and which has the property that
the restriction p|: B/ — B is a vector bundle. What should one mean by the quotient
vector bundle E/E’ — B? Give a definition and show that your definition does produce
a vector bundle.

Problem 5. Let {U,} be an open cover of a space B, and let
9Ba: U, N Ug — GLn(R)
be continuous functions satisfying the cocycle condition
978(2)9pa(T) = gralz) V€ Ua NUzNU,

for all v, 8 and . Verify that the map E({ggo}) — B defined in the lecture notes is an
n-dimensional vector bundle. If the maps gg, are the transition functions of a vector
bundle E — B, show that E({gss}) is isomorphic to E as a vector bundle over B.



