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Chapter 1
Introduction

The motivation for the mathematics in this thesis comes from the desire to con-
nect twisted equivariant K-groups KZ(G?d) for a compact Lie group G to the string
topology of the classifying space BG. (Here G* denotes the group G equipped
with the conjugation action.) An important result of Freed, Hopkins and Teleman
[FHTO07b, FHT05, FHTO03] relates these K-groups to the representation theory of the
loop group LG, including Verlinde algebras, making these K-groups very interesting
objects to study and the prospect of connecting them to string topology a tantalizing
one. As the Borel construction of G is homotopy equivalent to the free loop space

LBG, it does not seem far-fetched to expect that there exists such a connection.

The thesis has two parts. In the first part, consisting of Chapter 2, we prove a gen-
eralization of the Atiyah—Segal completion theorem [AS69] to twisted K-theory. This
is our Theorem 2. In an alternative formulation, the theorem provides a connection
between the twisted equivariant K-theory of a G-space X and the non-equivariant
K-theory of the Borel construction of X, and in this guise the theorem has been
successfully used by Kriz, Westerland and Levin [KWL09] to connect the K-groups
KZ(G™) to the Gruher—Salvatore string topology of BG [GSO08]. Of course, Theo-
rem 2 is also of interest independent of this application: the untwisted Atiyah—Segal
completion theorem is one of the basic theorems in classical equivariant K-theory,
and in the twisted setting the twisted version should play a similarly fundamental

role.



2 CHAPTER 1. INTRODUCTION

The backdrop for the second part of the thesis is formed by two different families
of two-dimensional field theories: first, a family of field theories constructed by Freed,
Hopkins and Teleman [FHT07a] sending the circle to the groups KZ(G??); and second,
the Chataur—Menichi [CM07] string topology of BG, a family of field theories sending
the circle to the homology groups H.(LBG; k), where k is a field. In both cases the
homotopy theory underlying the field theories is similar, and what we would like to
do is to make this similarity explicit by presenting a single construction that comes as
close as possible to capturing both kinds of field theories. We can state our motivating

conjecture as follows.

Conjecture 1. Let R be a commutative S-algebra. Then, given a piece of orientation
data we call a universal R-orientation (see Definition 37), there exists a non-unital,
non-counital Homological Conformal Field Theory taking values in the homotopy cat-
egory of R-modules and sending the circle to an R-module whose homotopy groups are
the twisted R-homology groups of LBG, with the twisting determined by the universal
R-orientation. Taking R to be the Eilenberg-Mac Lane spectrum HEk for a field k, a
suitable choice of universal Hk-orientation gives rise to Chataur and Menichi’s string
topology of BG, while taking R to be the complexr K -theory spectrum K, we obtain
field theories related to the Freed—Hopkins—Teleman field theories.

In the second part of the thesis, we present work towards the construction of the
field theories of Conjecture 1. This is explicitly our subject in Chapter 5, where our
main result, Theorem 41, asserts the existence of a field-theory operation associated

with a single cobordism W. This operation arises from the correspondence diagram
map(9yW, BG) < map(W, BG) — map(o, W, BG)

by making use of a pretransfer-type umkehr map induced by the first arrow. The
construction of such umkehr maps in the twisted setting is done in Chapter 4, where
the main result is Theorem 26, a slight partial generalization (from fiber bundles
to fibrations) of the Fiberwise Costenoble-Waner Duality Theorem of May and Sig-
urdsson ([MS06], Theorem 19.5.2). Our discussion in Chapters 4 and 5 draws very

heavily from parametrized homotopy theory, so in Chapter 3 we offer a review of



parametrized homotopy theory, mainly relying on May and Sigurdsson’s monograph
[MS06]. While there are no new results in the chapter, we hope its inclusion will help
the reader previously unacquainted with parametrized homotopy theory to navigate

the exposition in Chapters 4 and 5.



Chapter 2

The Atiyah—Segal completion

theorem in twisted K-theory

2.1 Introduction

The aim of this chapter is to prove the following twisted analogue of the Atiyah—Segal
completion theorem [AS69).

Theorem 2. Let X be a finite G-CW complex, where G is a compact Lie group.

Then the projection m : EG x X — X induces an isomorphism
K5 (X)7, & K& 0BG x X)
for any twisting T corresponding to an element of H5(X; Z/2) ® H3(X; Z).

Here I C R(G) is the augmentation ideal of the representation ring R(G) and (—)7.,
indicates completion. The classical theorem is the case 7 = 0. Theorem 2 generalizes
a result by C. Dwyer, who has proved the theorem in the case where G is finite and
the twisting 7 is given by a cocycle of G [Dwy|. While versions of the theorem for
compact Lie groups have been known to experts (for example, such a theorem is used
in the proof of [FHTO08|, Proposition 3.11), to our knowledge no proof of the general

theorem appears in the current literature. Our goal is to fill in this gap.

4



2.2. A CONVENIENT COHOMOLOGY THEORY 5

We shall prove Theorem 2 in two stages. First we prove the theorem in the special

case of a twisting arising from a graded central extension
1-T—-G —-G—1, €:G—1Z)2.

For such twistings, twisted G-equivariant K-groups correspond to certain direct sum-
mands of untwisted G"-equivariant K-groups, and the Adams—Haeberly—Jackowski—
May argument contained in [AHJMS88a] goes through with these summands to prove
the theorem in this case. It follows that the theorem holds when X is a point, and

the general theorem then follows by a Mayer—Vietoris argument.

As our definition of twisted K-theory, we use Freed, Hopkins and Teleman’s elab-
oration [FHTO07b] of the Atiyah-Segal model developed in [AS04]. Thus for a G-space
X, the notation KZ"*(X) is a shorthand for K™"*(X//G), where X//G is the quo-
tient groupoid of X. Of course, the completion theorem should remain true in any

reasonable alternative model for twisted equivariant K-theory as well.

The chapter is structured as follows. In Section 2.2 we describe a pro-group
valued variant of K-theory which we shall employ in Section 2.3 to handle the case
of a twisting given by a central extension. Section 2.4 then contains a proof of the

general theorem.

2.2 A convenient cohomology theory

We shall now describe a cohomology theory which will be used in the next section to
prove the completion theorem for twistings arising from a graded central extension.
Let

1-C—-G-G—1

be a central extension of a compact Lie group G by a commutative compact Lie group
C, and let X be a finite G-CW complex. Via the map G — G we can view X as a

G-space on which C' acts trivially. The semigroup Vects(X) of isomorphism classes
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of G-equivariant vector bundles over X decomposes as a direct sum

Vects(X) = @ Vects(X)(m) (2.1)

where C' denotes the set of isomorphism classes of irreducible representations of C', and
where Vects(X)(7) is the semigroup of isomorphism classes of those G-vector bundles
& over X with the property that the fibers of ¢ are m-isotypical as representations of
C', that is, isomorphic to sums of copies of m. The decomposition (2.1) leads to a
decomposition

K3(X) = @ K5()() (22)

reC

and similarly for reduced K-groups.! Here KZ(X)(r) is the Grothendieck group
of Vectg(X)(m), and KZ(X)(m) for non-zero ¢ is defined by using the suspension
isomorphism and the Bott periodicity map. By inspection and definition, the decom-
position (2.2) is compatible with G-equivariant maps of spaces, with the suspension
isomorphism, with the Thom isomorphism for G-equivariant vector bundles, and, as
a special case, with the Bott periodicity map. Thus for each 7 € C , We can view
K%(—)(m) as a Z/2-graded cohomology theory defined on finite G-CW complexes and
taking values in graded R(G)-modules.

Although the decomposition (2.2) fails for infinite X in general, it is possible to
extend each one of the theories K%(—)(m) to infinite G-CW complexes by means
of suitable classifying spaces. However, since having the theories available for finite
complexes suffices for most of our purposes, we will not elaborate this point. Instead,
we point the reader to the proof of Proposition 3.5 in [FHT07b] for a description
of the appropriate classifying space when 7 is the defining presentation of the circle
group T, which is the only case where we will need to apply K%(—)() to an infinite
complex in the sequel.

Our interest in the groups K%(X)(m) is explained by the following proposition.

n fact, tensor product makes K (X) into a C-graded algebra where the modules K (X)(m)
are the homogeneous parts. However, we shall not need this graded algebra structure.
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Recall that a graded central extension of a group G is a central extension of GG together

with a homomorphism from G to Z/2.

Proposition 3 (A reformulation of Proposition 3.5 of [FHTO07b]). Let G be a compact
Lie group, let X be a G-space, and let T be the twisting given by a graded central

extension
1-T—>G —-G—1, e:G—17Z)2

of G by the circle group T. Let S*(¢) denote the one-point compactification of the 1-

dimensional representation of G given by (—1)¢. Then there is a natural isomorphism
K5 (X) = KEH (Xe A SY(e))(1)

where “17 refers to the defining representation of T. [

The groups K%(X)(7) are not what we are going to use in the next section.
Instead, we need pro-group valued versions completed at the augmentation ideal.
(For background material on pro-groups, we refer the reader to [AHJM88b].) Given
an arbitrary G-CW complex X and an irreducible representation 7 of C, we let
K% (X)(m) denote the pro-R(G)-module

K&(X)(m) = {K&(Xa)(m)}a

where X, runs over all finite G-CW subcomplexes of X and the structure maps of
the pro-system are those induced by inclusions between subcomplexes. The groups

of our interest are then given by the pro-R(G)-modules
K&(X)(m) 1, = {K5(Xa) () /16 - K5(Xa)(7) ban,

where X, again runs over the finite G-subcomplexes of X, n runs over the natural
numbers, and the structure maps of the pro-system are the evident ones. We think of
K% (X)(7)p, as the corflpletion of KZ(NX )(m) with respect to the augmentation ideal
Ig. Reduced variants K% (X)(7) and K (X)(m)7, for a based G-CW complex X are
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defined in a similar way using the reduced groups f(g(Xa)(ﬁ), where X, now runs
through the finite G-CW subcomplexes of X containing the base point. The crucial
feature of the groups K% (X)(m)7, for us is that they form a cohomology theory on
the category of G-CW complexes (and therefore, by G-CW approximation, on the
category of all G-spaces). Phrased in terms of the reduced groups, this means that

the following axioms hold.

1. (Homotopy invariance) If X and Y are based G-CW complexes and f,g: X —

Y are homotopic through based G-equivariant maps, then the induced maps

-~

frg"  Ke(Y)(m)7, = K5(X)(n)7,
are equal.

2. (Exactness) If X is a based G-CW complex and A is a subcomplex of X con-

taining the base point, then the sequence

~

e,

K (X/A)(m)7, — Kg(X)(n)
is pro-exact.

3. (Suspension) For each ¢, there exists a natural isomorphism

2 KL(X)(m)y, ~ KL (EX)(m)7,

4. (Additivity) If X is the wedge sum of a family {X,};c; of based G-CW com-

plexes, the inclusions X; < X induce an isomorphism

K2 (X)(m), = [[Ke(X) (),

iel
The only difficulties in verifying these properties arise from the exactness axiom.

Proposition 4. The functor K*é(—)(w)?c satisfies the exactness axiom.
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Sketch of proof. As in [AHJM88b], because the ring R(G) is Noetherian (see [Seg68],
Corollary 3.3), the result follows from the Artin-Rees lemma once K 5(Z)(m) is known
to be finitely generated as an R(G)-module for any finite based G-CW complex Z. We
shall prove that [N(E(Z )(m) is finitely generated by reduction to successively simpler
cases. Filtering Z by skeleta and using the wedge and suspension axioms, we see that
it is enough to consider the case where Z = G/H for some closed subgroup H of G.
Let H denote the inverse image of H in G. Then H is a central extension of H by

C, and we have G-equivariant isomorphisms
G/H ~ (G/C)/(H/C)~ G/H.
The R(G)-module isomorphisms
KL(G/H) ~ KL(G/H) ~ K% (pt)
preserve the direct sum decomposition (2.2), whence we obtain an isomorphism

K&(G/H)(m) = K (pt)(7).

Here the latter group can be identified with the summand R(H)(r) of R(H) generated

by those representations of H which restrict to m-isotypical representations of C. The
R(G)-module structure on R(H)(r) arises from its R(H)-module structure via the
map R(G) — R(H), and since R(H) is finite over R(G) ([Seg68|, Proposition 3.2),
we are reduced to showing that R(H)(r) is finite as an R(H)-module.

Now consider the restriction

R(H) =[] R(S) (2.3)

s
where the S runs through the conjugacy classes of Cartan subgroups of H (conjugacy
classes of such subgroups are finite in number and each one of the subgroups is

closed, Abelian and contains the central subgroup C'). This map is injective ([Seg68],
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Proposition 1.2), whence R(H)(w) is a subgroup of [[4 R(S)(mw). Therefore it is
enough to show that R(S)(w) is finite as an R(H )-module for each S. The R(H)-
module structure on R(S)(m) arises from its structure of an R(S/C’)-module via the
map of representation rings induced by the inclusion S/C — H, and as R(S/C) is
finite over R(H), it is enough to prove that that R(S)(n) is finite over R(S/C).

We shall now show that R(S)(w) is in fact a free R(S/C)-module with one gen-
erator. To prove this, recall that for a compact Abelian Lie group A, tensor product
gives the set of irreducible representations A the structure of a finitely generated

Abelian group, and that the representation ring of A is given by the group ring Z[A].

Moreover, our exact sequence of compact Abelian groups
l1-C—-S5—=5/C—1
gives rise to an exact sequence

1—>§/\C—>§—>(3—>1,

~

From this it is clear that the summand R(S)(7) of R(S) = Z[S] is the subgroup freely
generated by members of the coset of S//\C’ in S mapping to 7 in C, with the R(S/C)-
module structure arising from the action of 5% on the coset. Thus any representative
of the coset will form an R(S/C')-basis for R(S)(7), and we are done. O

The following two lemmas point out further useful properties of the theories
K% (=) ()7 -

Lemma 5. Let H be a closed subgroup of G, and let X be a based H-CW complex.

Then there is a natural isomorphism of pro-R(G)-modules

K3(Gy A X) ()7, = Ky (X))

IH7

where H denotes the inverse image of H in G.

Proof. Observe that the H-CW structure on X gives rise to a G-CW structure on
G4 Ay X, and that as X, runs over the finite H-CW subcomplexes of X, G, Ay X,
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runs over the finite G-CW subcomplexes of G4 Ay X. Now the lemma follows from
the G-equivariant isomorphism

G Ny Xo =G Ay Xa
from the change of groups isomorphism

K5(G Ny Xo) ~ K5(X,);

from the compatibility of this isomorphism with the decomposition (2.2); and from
the fact that the Ig-adic and Iy-adic topologies on an R(H)-module coincide (see
[Seg68], Corollary 3.9). O

Lemma 6. Let X be a free G-CW complex. Then there is a natural isomorphism
K (X) ()7, ~ K5 (X)(m).

Proof. (Compare with the proof of Proposition 4.3 in [AS69].) Let X, be a finite

G-CW subcomplex of X. Since the action of G on X is free, we have an isomorphism
KG<X¢1) i> K(XQ/G)
Pick a base point for X,/G. Then the diagram

R(G) —— Kg(Xa) —— K(X./G)

| J

Z Z

commutes, whence the composite of the maps in the top row sends I into K (X./G).
However, since X, /G is a finite CW-complex, the elements of K (X, /G) are nilpotent.
Because R(G) is Noetherian, the ideal I is finitely generated, and it follows that for

large enough n, the image of It in K¢ (X, ) vanishes. Thus

I - K5(Xo)(m) =0
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for large n, and therefore

K*G~<X)(7T)/I\G - {KE(Xa)(W)/Ig K};(Xa)(ﬁ)}an
~A{KE(Xa) (7)o
= K(X)(r)
as claimed. n

Remark 7. The main technical benefit of introducing the pro-group-valued theories
K% (—)(m) and KF (—)(m)7, is that they allow us to sidestep problems with exactness
that would otherwise complicate the proof. The source of these problems is the
failure of inverse limits to preserve exactness, as well as the failure of completion to
be exact for non-finitely generated modules. The idea of using pro-groups to prove

the completion theorem goes back to the original paper of Atiyah and Segal [AS69].

2.3 The case of a twisting arising from a graded

central extension

In this section we will prove Theorem 2 in the case where the twisting 7 arises from
a central extension in the way explained in [FHTO7b]. That is, we will prove the

following.

Theorem 8. Let X be a finite G-CW complex, where G is a compact Lie group.

Then the projection w: EG x X — X induces an isomorphism
K5 (X)7, & K& OM(EG x X)
for any twisting T arising from a graded central extension

1-T—>G —-G—1, e:G—1Z)2.
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Our argument for proving Theorem 8 is closely based on the one Adams, Hae-
berly, Jackowski and May present for proving a generalization of the Atiyah—Segal
completion theorem in the untwisted case [AHJMS88a|. Their argument in turn builds

on ideas due to Carlsson [Car84]. As before, let
1-C—-G—G—1

be a central extension of a compact Lie group G by a compact Lie group, and let 7
be an irreducible representation of C'. We shall derive Theorem 8 from the following

result.

Theorem 9. Suppose X; and X are G-spaces, and let f : X7 — Xy be a G-

equivariant map which s a non-equivariant homotopy equivalence. Then the map
fT i KE(Xo) (), — KE (X)),
s an isomorphism.

Before proving Theorem 9, we explain how it implies Theorem 8.

Proof of Theorem 8 assuming Theorem 9. Let Z be a finite G-CW complex. By The-

orem 9, the projection map 7 : EG x Z — Z induces an isomorphism
K- (Z2)(1)7, % K- (EG x Z)(1)7,.. (2.4)
Since Z is finite, we have

K& (2) ()1 = {K&- (Za)(V)/15 - K& (Za) (D Yan

(2.5)
={Ke-(2)(1) /15 - K (Z)(1) -

Fix a model for EG which is a countable ascending union of finite G-CW subcom-
plexes EGy, k > 1; for example, we could take E'G to be the iterated join construction
of Milnor and take EG) to be the k-fold join of G with itself. Then Lemma 6 and
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the finiteness of Z imply that

K. (EG x 2)(1);, = K5 (EG x 2)(1)

(2.6)

Thus applying the limit functor taking pro-R(G)-modules to R(G)-modules to the

isomorphism (2.4) gives us an isomorphism

K& (2) (1), ——— lim K& (EGy, x Z)(1). (2.7)

Using (2.6), (2.4) and (2.5), we see that inverse system {K.(EGy x Z)(1)}y is
equivalent to one that satisfies the Mittag Leffler condition, whence the lim' error
terms vanish and the codomain in (2.7) is isomorphic to K- (EG x Z)(1). Thus for

any finite G-CW complex Z, we have a natural isomorphism
K& (2)(1)3, —— KG-(EG x Z)(1).
Suppose now Z is a based finite G-CW complex. Then from the diagram

00— K& (2)(0), ———— K& (2)(1)7, —— K- (pt) (1), — 0

e

0—— K} (EGL A Z2)(1) — K& (EG x Z)(1) — K& (EG)(1) —— 0
we see that there is an induced isomorphism
K (2)(1)F, — s Ker(EG, A Z)(1).

The claim now follows by taking Z to be the space X, A S'(¢) and applying Propo-
sition 3. 0

The rest of this section is dedicated to the proof of Theorem 9. Let {V;};cr be a set

of representatives for the isomorphism classes of the non-trivial irreducible complex
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representations of G. Then I is countable, the fixed-point subspace V,¢ is zero for
each ¢ € I, and for every proper closed subgroup H of G, there is some ¢ € I such
that V.2 2 0. Let U be the direct sum of countably many copies of D,c; Vi, and let

Y = colimycpy SV

where the colimit is over all finite-dimensional G-subspaces of U and S" denotes the
one-point compactification of V. Pick a G-invariant inner product on U, and observe
that Y& is S°.

Lemma 10. The space Y is H-equivariantly contractible for any proper closed sub-
group H of G.

Proof. Since Y has the structure of an H-CW complex, it is enough to show that the
fixed point set Y is weakly equivalent to a point for any subgroup K of H. Given any
finite-dimensional G-subspace V' C U, we can find a finite-dimensional G-subspace
W C U such that V.C W and (W — V)& =£ 0, where W — V denotes the orthogonal
complement of V in W. But then the inclusion SV — SW is K-equivariantly null-
homotopic, whence the map (SV)% < (S")X is null-homotopic. Since Y is given
by the union

YK = COlimVCU(SV)K,

the claim follows. O
Lemma 11. The pro-R(G)-module K@(Y)(W)?G is pro-zero.
Proof. For a finite-dimensional G-subspace V' C U, let

v € Ko(SY) = Kg(SY)(0) € Kg(S")

denote the equivariant Bott class, where “0” refers to the trivial representation of

C. Then by Bott periodicity, each element of Kg(S")(r) is uniquely expressible as a
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product xAy, where x € f(g(SO)(ﬁ). Suppose W D V. From the diagram

KE(S"7)(m) —— Kg(S°)(w)

%l/\)\v %J//\)\V

K5 (S")(m) —— K&(SV)(r)

it follows that the map
KE(S")(m) = Kg(8Y)(m)

sends zAw to Txy_yAv, where xy,_y denotes the image of Ayy_y under the map
K&(S™Y) = Ka(S9)

induced by the inclusion S < S"W~V. Since this map is non-equivariantly null-

homotopic, it follows from the diagram

Ro(SW7) — Ro(8°) = R(G)

J L

K(SV-V)—— K(S?)

that xy_y € Ig. Thus if we choose W C U so that it is the direct sum of V' with n

G-invariant subspaces of U, then the map
K&(S™)(m) /18 - K&(S™) () = K&(8V)(m) /1 - K&(SY) ()
is zero. It follows that for any fixed n the pro-R(G)-module
{Ka(S")/16 - Ka(S")}v
is pro-zero, and therefore so is
Ke(Y)()z, = {Ka(SV)/16 - Ka(S") by = lim {Ka(SY)/18 - Ka(SY)}v

where the inverse limit is taken in the category of pro-R(G)-modules. O
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We are now ready to prove Theorem 9.

Proof of Theorem 9. It is enough to prove that KE(Z )(7)7,, is pro-zero when Z is a
non-equivariantly contractible G-space; the claim then follows by taking Z to be the
mapping cone of f. We shall show that KE(Z )(m)7,, = 0 for such Z by induction
on the subgroups of GG, making use of the fact that any strictly descending chain of
closed subgroups of a Lie group is of finite length.

To start the induction, we observe that in the case G = {e} the claim follows from

the assumption that Z is non-equivariantly contractible. Assume inductively that
K, (2)(n)y, =0

for all proper closed subgroups H of G; here as before H denotes the inverse image of

H in G. The inclusion of the fixed-point set Y¢ = S° into Y gives a cofiber sequence
S Y —Y/S°
whence we have a cofiber sequence
Z—=ZNY = ZN(Y/S.
Thus to show that KZ(Z)(W)?G = 0, it is enough to show that

KL(ZAY)(m)7, =0

and
Ki(Z A (Y/S%)(x)7, = 0.

Let us first show that KZ(Z NY)(m)7, = 0; we claim that in fact

KL (W AY)(m)g, =0
for any based G-CW complex W. Observing that

KL (W AY)(r)p, = lim KL (W, AY) ()7,
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where W, runs through all finite G-CW complexes of W, we see that it is enough to
consider the case where W is finite. Filtering W by skeleta and working inductively
reduces us to the case where W is of the form G/H . A S™ for some n and some closed
subgroup H of G, and using the suspension axiom further reduces us to the case
W = G/H,. But now in the case H = G the claim follows from Lemma 11; and in

the case H < G, it follows from the change of groups isomorphism (Lemma 5)

-~

K&(G/H NY)(),, = K (Y)(7)

Iy

together with Lemma 10.
It remains to show that KZ(Z A (Y/S%)) ()7, = 0. We shall show that in fact

K5(Z AW)(m)7, =0

for any based G-CW complex W such that WY is a point. Arguing as above, we see
that it is enough to consider W of the form W = G/H,, where H now has to be a
proper closed subgroup of G. But in this case the claim follows from the change of

groups isomorphism (Lemma 5)

K(Z AG/H,)(n);, = Ky(2)(m)7,

and the inductive assumption. O

2.4 The general case

In this section we finally prove Theorem 2 in full generality. We shall do so by
considering successively more general spaces, starting with the case X = pt and
proceeding by change of groups and Mayer—Vietoris arguments. Since in general
completion is exact only for finitely generated modules, along the way we check that
the twisted K-groups that enter the Mayer—Vietoris sequences are finitely generated
over R(G).
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Lemma 12. Theorem 2 holds and K57 (X) is finitely generated over R(G) when
X = pt.

Proof. By [FHTO07b], Example 2.29, any twisting of a point arises from a graded cen-
tral extension. Thus Theorem & shows that Theorem 2 holds in this case. The claim

about finite generation follows from Proposition 3 and the proof of Proposition 4. [

Lemma 13. Theorem 2 holds and KL (X) is finitely generated over R(G) when
X =G/H, where H is a closed subgroup of G.

Proof. Notice that G/H = G xy pt and that EG x G/H = G xyz EG. For any

H-space Z, we have a natural local equivalence of topological groupoids
Z//H — G xy Z//G
giving rise to a natural change of groups isomorphism
KL(G xpy Z) ——— K5;(2). (2.8)
Consider the diagram

K& (G/H);, ———— K™ (pt)7,

l |

KL (EG x G/H) — Kj, T (EG)

Here the bottom row is a change of groups isomorphism as in (2.8); the top row is an
isomorphism because of the isomorphism (2.8) and the fact that Iy-adic and I5-adic
completions of an R(H )-module agree (see [Seg68], Corollary 3.9); and the vertical
map on the right is an isomorphism by Lemma 12 and the observation that EG is
a model for FH. Thus the map on the left is also an isomorphism, which shows
that Theorem 2 holds in this case. To see that K7™ (G/H) is finitely generated as
an R(G)-module, observe that the isomorphism (2.8) and Lemma 12 imply that it is
finitely generated over R(H). The claim now follows from the fact that R(H) is finite
over R(G) (see [Seg68], Proposition 3.2). O
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Lemma 14. Theorem 2 holds and K5 (X) is finitely generated over R(G) when X
is of the form X = G/H x S™, n > 0.

Proof. The case where n = 0 follows from Lemma 13 and the axiom of disjoint
unions. For n > 0, the claim follows inductively from the Mayer—Vietoris sequences
arising from the decomposition of S™ into upper and lower hemispheres S and S™.
Lemma 13 and the inductive assumption imply that all groups in the Mayer—Vietoris

sequence

~o = K7 (G/H x S™) —
— KZM(G/H x ST) & K5™(G/H x S7) —
— KIP(G/H x (ST NS™) — - (2.9)

except K5 (G/H x S") are finitely generated over R(G), whence K™ (G/H x S™)
must also be finitely generated, as claimed. It follows that the sequence obtained
from (2.9) by completion with respect to the augmentation ideal I is exact. Now
the claim that Theorem 2 holds for the space G/H x S™ follows from Lemma 13 and
the inductive assumption by comparing the completed sequence to the Mayer—Vietoris

sequence of the pair
(EGx G/H x S}, EG x G/H x S")

and applying the five lemma. O]

Theorem 2 is now contained in the following.

Theorem 15. Theorem 2 holds and KL (X) is finitely generated over R(G) for any
finite G-CW complex X .

Proof. We proceed by induction on the number of cells in X. If X has no cells, that
is, if X is the empty G-space, the claim holds trivially. Assume inductively that the
claim holds for the space X, and consider the space Y = X Uy (G/H x D"), where
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f:G/H x 8" ' — X is an attaching map. Denote
D'(r)y={z e R": |x| <r},
and let
Yi = X Uy (G/H x (D" — D*(1/3))) C Y

and
Yo =D"(2/3) C Y.

By Lemma 13, Lemma 14 and the inductive assumption, in the Mayer—Vietoris se-

quence
e K (Y) s KT () @ KE (Y2) —— KG (N Ya) —— - (2.10)

all groups except possibly K57 (V) are finitely generated over R(G). It follows that
KL (Y) is also finitely generated, as claimed. We conclude that the top row in the

following diagram of Mayer—Vietoris sequences is exact.

e KTV, s KET (V) 8K (1)), ———— KET(VinYa)) ——— -

T

v —— KT EGXY) —— KL (EGxY1)®K G (EGxY2) —— KT (BEGx(Y1NY2)) — -

In the diagram the vertical map on the right is an isomorphism by Lemma 14 and
the map in the middle is an isomorphism by Lemma 13 and the inductive assump-
tion. Thus the map on the left is an isomorphism by the five lemma, showing that

Theorem 2 holds for the space Y. O

We conclude the chapter with a brief note on an application of Theorem 2. The
theorem implies that for a finite G-CW complex X and a twisting 7 corresponding

to an element of

HY(X;Z)2)® HY(X; Z) = HY(EG x¢ X; Z/2) ® HY(EG x¢ X; Z),
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there is an isomorphism

K& (X)), = KT (EG x¢ X).
Denoting by G* the group G equipped with the conjugation action, and remembering
that the space EG x ¢ G* is homotopy equivalent to the free loop space LBG, we in

particular obtain an isomorphism

~
~

K& (G, = KT(LBG),
suggesting that Theorem 2 could be used to connect the twisted equivariant K-groups
KZT(G*) to the string topology of BG. Indeed this is the case: Kriz, Westerland

and Levin have successfully used Theorem 2 to connect the groups K2 (G*!) with
the Gruher—Salvatore [GS08] string topology of BG. See [KWL09], Theorem 28.



Chapter 3

Background on parametrized

homotopy theory

In this chapter we will discuss background material on parametrized homotopy the-
ory needed in the sequel. Our aim is to be relatively brief and simply explain the
structures present in the parametrized context in enough detail to enable the reader
to follow the subsequent sections, while also fixing notation that will be used later.
In parametrized homotopy theory, for a given base space B, at least four different
categories of interest arise: the category of (based) spaces parametrized by B; the
category of spectra parametrized by B; and the respective homotopy categories of
the two. We will discuss the point-set level category of parametrized based spaces in
greatest detail, as this case is the most basic one and provides a good foundation for
intuition. As we will explain, much of the structure present in the other categories is
very similar.

For the most part of the discussion, we will follow May and Sigurdsson’s mono-
graph [MS06|. However, in the last section of the chapter we will also mention an

alternative co-categorical approach to stable parametrized homotopy theory discussed
by Ando, Blumberg, Gepner, Hopkins and Rezk in [ABG*08] and [ABG10].

23
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3.1 Parametrized spaces and ex-spaces

The analogue of a space in parametrized homotopy theory is a space X over a space

B, that is, a continuous map of spaces
X = B.

We call X the total space and B the base space, and think of X as a family of spaces,
namely the fibers of p, parametrized by the points of B and glued together by the
topology of X. A map between parametrized spaces X L BandY L Bis simply a
map f: X — Y making the diagram

A

B

commutative. Similarly, the parametrized analogue of a space equipped with a base-
point is a space X &5 B over B equipped with a section s : B — X of the map p. We
call such an object an ex-space over B, and think of it as a family of based spaces,
the section giving a basepoint for each fiber of p. A map between ex-spaces over B is
a map of the underlying spaces over B respecting the sections. For technical reasons,
when considering spaces or ex-spaces over B, we will restrict the total space to be a
k-space and the base space to be a compactly generated space. We will denote the
categories of such spaces over B and ex-spaces over B by £ /B and 3, respectively.
In what follows, we will mostly focus on the category of ex-spaces. Analogously to
the unparametrized case where we can easily turn an unbased space into a based one
by adding a disjoint basepoint, given a space X 2> B over B, we can form an ex-space
over B by adding a disjoint section. The total space of this construction is X II B,
and the projection and the section maps are the obvious ones. We will denote this

ex-space by (X,p)4

The category 5 of ex-spaces over B admits smash products X AgY and internal

hom objects Fp(X,Y') making it into a closed symmetric monoidal category. Denoting
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by Z, the fiber of an ex-space Z € J#p over a point b € B, these constructions satisfy
(X NB Y)b = Xb VAN }/b and FB(X, Y)b = F(Xb,YE,)

The identity element for the smash product is the parametrized O-sphere S% with
total space B Il B, projection the folding map B II B — B and section the inclusion
of one copy of B.

In addition to the closed monoidal structure, the category #5 has the structure
of a category enriched, tensored and cotensored over based spaces. If X,Y € g, we
topologize the set of maps #5(X,Y) as a subspace of the space of all maps from the
total space of X to the total space of Y. The basepoint is given by the composite
of the projection X — B and the section B — Y. The tensors and cotensors can
be conveniently described in terms of the closed monoidal structure. Given a based
space K, equipping the product B x K with the obvious projection and section makes
it into an ex-space over B, and then the smash product of an ex-space X and the

space K and the ex-space of maps from K to X are given by
XNgK=XANg(BxK) and Fp(K,X)=Fp(BxK,X)

respectively.

An important feature of parametrized homotopy theory is the existence of various
base-change functors; it is from these functors and their relations to each other that
parametrized homotopy theory derives much of its force. Perhaps the most basic of
the base-change functors is the pullback functor: given a map f : A — B of base
spaces and an ex-space B - X 2 B over B, we can define an ex-space f*X over A

by the diagram
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where the bottom square is a pullback square and the section ¢ is defined by the
pullback property and the requirement that gt is the identity map of A. The pullback
functor

fr g — Hy

thus defined admits both a left adjoint f, and a right adjoint f,. If A - X — A is
an ex-space over A, then the ex-space fiX over B is defined by the diagram

where the top square is a pushout square and the projection map fi.X — B is defined
by the pushout property and the requirement that the composite of the right-hand
vertical maps should be the identity map of B. The precise definition of the ex-space
f+«X is slightly more involved, and we will simply point out that the fiber of f, X over
b € B is the space of sections of the map X, — Ay, where A, and X, denote the fibers
over b of the maps A L BandX 5AL B , respectively.

Example 16. Tt is instructive to consider the behavior of the base-change functors
associated to the constant map r from a space B to the one-point space. An ex-space
over a point is simply a based space K, and the pullback r*K is simply the ex-space
B x K over B we encountered previously when describing the tensor and cotensor
structure of #p. If X is an ex-space over B with section s, then r.X is the space
X/B obtained from X by collapsing the subspace sB of X into a point, while 7, X
is the space of sections for the projection map X — B, with the section s serving as

the basepoint.

Example 17. If £ — B is a vector bundle, then forming the fiberwise one-point
compactification of £, we obtain a sphere bundle S* — B, which we make into an

ex-space by equipping it with the section B — S¢ given by the points at infinity. Now
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1S is precisely the Thom space B¢ of £&. Moreover, the space mr*r.S¢ is naturally
homeomorphic to B¢ A By (see (3.7) below), and the unit map

B¢~ 8¢t ), rr*rSS ~ B¢ A By

corresponds to the Thom diagonal.

It can be shown that the for f : A — B, the pullback functor f* : #p — %4
is closed symmetric monoidal in the sense that there exist coherent natural isomor-

phisms

Sy~ SY fF(XABY)= f*X As Y and
fEe(X,Y) ~ FA(f* X, fY).

The natural isomorphisms in the following proposition then follow formally from the
results in [FHMO3].

Proposition 18 (See [MS06], Proposition 2.2.2). Let f : A — B be a map, and let X
be an ex-space over A andY and Z be ex-spaces over B. Then we have the following

natural isomorphisms:

frSp~ Sy (3.1)

ffY AN Z)= fY Na f*Z (3.2)
Fp(Y, f.X) = [Fa(f7Y, X) (3.3)
[ Fp(Y,2) = Fa(fY, [*Z) (3.4)
Y AaX)=Y A iX (3.5)
Fp(fX,Y) = fiFa(X, [Y) (3.6)

In the above proposition, the isomorphisms (3.1), (3.2) and (3.4) are part of the
statement that f* is closed symmetric monoidal, and (3.3) and (3.6) are adjunction
relations. The remaining isomorphism (3.5) is sometimes called the projection for-
mula. Observing that f1S% ~ (A, f)., as a special cases of (3.5) and (3.6) we have
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the isomorphisms
RFY =Y Ap (A f)r and  ff*Y ~ Fg((A, )+ Y). (3.7)

The base-change functors also satisfy various commutation relations. The follow-

ing proposition is essentially [MS06], Proposition 2.2.11.

Proposition 19. Suppose we have a pullback square of spaces

L}D

A—— B

Then the mates of the natural isomorphism i* f* ~ ¢g*j* with respect to the adjunctions
(fi, f*) and (g1, g*) on one hand and with respect to the adjunctions (j*, j.) and (i*, 1)

on the other give natural isomorphisms
gt =i and [ =ig,
respectively.

More explicitly, the first isomorphism in the preceding proposition is given by the
composite

gt = gi* fr i g9 i i = 5 f

where the first map is given by the unit id — f* f;, the second one by the isomorphism
1" f* = ¢g*7* and the third by the counit ¢¢* — id; while the second isomorphism in

the proposition is given by the composite
[ g = 0" 7 R g7 e = 19"

where the first map is given by the unit id — 7,¢* and the last one by the counit
J*7« — id. Of course, by symmetry we now have similar isomorphisms 4,g* ~ f*

and j*f, &~ g.i* as well.
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We now turn attention to the structure present on the level of the homotopy
categories of ex-spaces, and assume that our base spaces are homotopy equivalent to
CW complexes in addition to being compactly generated. Each category #5 admits
a Quillen model structure in which weak equivalences are the maps that are weak
equivalences between the total spaces; for an ex-space to be fibrant with respect to
these model structures it is sufficient that the projection of the ex-space is a Serre
fibration. With respect to these model structures, the base-change adjunctions ( fi, f*)
are Quillen adjunctions, and they are Quillen equivalences when f is a homotopy
equivalence. Thus the adjoint pair (fi, f*) induces an adjoint pair of derived functors
between the homotopy categories, and we will continue to write f; and f* for the
derived versions. There is also a derived version of the smash product Ap which makes
the homotopy category Ho £z a symmetric monoidal category. We will continue to
denote this derived smash product by Ag. The derived pullback functors f* are then

symmetric monoidal functors.

In addition to the preceding structure, one can also construct derived versions
of the base-change functor f. and the mapping ex-spaces Fp(X,Y’), but their con-
struction is more complicated. The constructions May and Sigurdsson present rely
on a version of the Brown representability theorem, and due to restrictions inherent
in this method, the derived f.Y and Fp(X,Y’) are defined only when the ex-space Y
is connected in the sense that all fibers of a fibrant replacement of Y are connected.
Restricting to connected ex-spaces where necessary, the analogues of Propositions 18
and 19 then continue to hold on the level of homotopy categories of ex-spaces if in
the case of Proposition 19 we make the additional assumption that either f or j is a
Serre fibration. See [MS06], Section 9.4.

One can show that a map f : X — Y between fibrant ex-spaces is a weak equiv-
alence precisely when it restricts to a weak equivalence between all fibers. Thus we
have the following criterion for a map of ex-spaces to be a weak equivalence, where
for a point b € B we use b to denote the map from a one-point space into B whose

image is the point b.

Proposition 20. A map f : X — Y in Ho g is an equivalence if and only if for
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every b € B, the derived pullback of f
b'(f) : "X = bY

1s an equivalence in Ho .

3.2 Parametrized spectra

We now turn our attention to stable parametrized homotopy theory. We continue to
assume that our base spaces are homotopy equivalent to CW complexes. In simplest
terms, a parametrized (pre)spectrum X over a space B consists of a sequence of

ex-spaces X, X1,... over B together with maps of ex-spaces
YpXi — Xip

where Y5 denotes fiberwise suspension. However, a great deal more care is required
to obtain a category of parametrized spectra with a well-behaved fiberwise smash
product Ap, and May and Sigurdsson achieve this by generalizing orthogonal spectra
into the parametrized setting. We will denote the category of spectra over B by .#g.
As already indicated, this category admits smash products X Ag Y, and furthermore
there are parametrized function spectra Fp(X,Y) which together with the smash
product make .5 into a closed symmetric monoidal category. The unit for the
smash product is the parametrized sphere spectrum Sg. Again, a map f: A — B
induces a pull-back functor

I8 = Fa,

which is closed symmetric monoidal and has a left adjoint f, and a right adjoint f,.
Moreover, the analogues of Propositions 18 and 19 hold for parametrized spectra (see
[MS06], Section 11.4).

The category of ex-spaces and spectra over B are related to each other by an

adjoint pair of functors

X Ap—Sp: QF
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where X% is a symmetric monoidal functor in the sense that there exist natural

isomorphisms
YES% ~ S and X¥(K ApL)~X¥K ApXFL

for K, L € J#p. Furthermore, X% commutes with the base-change functors f* and fi
so that for a map f: A — B and ex-spaces K € %5 and L € J#,, we have natural
isomorphisms

YK~ f*YSFK and YXFNHL~ fiXTL.

The categories .5 admit stable model structures making the base-change ad-
junctions (fi, f*) into Quillen adjunctions that are Quillen equivalences when f is
a homotopy equivalence. As in the case of ex-spaces, we continue to write f, and
f* for the derived versions. Again, there is a derived version of Ag, and May and
Sigurdsson use a version of the Brown representability theorem to construct a derived
base-change functor f, that is right adjoint to f* as well as derived parametrized func-
tion spectra Fp(X,Y’). No connectedness assumptions like the ones that were needed
in the case of ex-spaces are necessary in the stable situation. Together with the smash
product, these function spectra make Ho.# into a closed symmetric monoidal cat-
egory, and the derived pull-back functors f* are closed symmetric monoidal. Again,
the analogues of Propositions 18 and 19 hold as long as in the case of Proposition
19 we assume that at least one of f or j is a Serre fibration; see [MS06], Section
13.7. Also, the analogue of Proposition 20 holds: a map of parametrized spectra is
a stable equivalence precisely when it restricts to a stable equivalence between all
derived fibers.

The adjoint pair (X%,Q%) is a Quillen adjunction, and hence descends to an
adjunction

Y% tHoAp——Ho s : QOF

between the homotopy categories. For ex-spaces K, L € Ho.#p, there are natural

equivalences

YES% ~ S and X¥ (KAL) ~X¥K ApXFL.
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Furthermore, the derived X% commutes with the derived base-change functors f* and
fiso that for amap f: A — B and ex-spaces K € #p and L € %, there are natural
equivalences

YVK ~ f"YFK and XFNHL~ fIXYL.

3.3 The bicategories &r and &zp

It is possible to organize the various categories Ho.#g for varying base spaces B
into a closed bicategory &z, and doing so will facilitate the discussion of the duality
underlying the construction of the umkehr maps we will need. Recall that a bicategory
% consists of the following data: first, a collection of objects; second, for each pair
(A, B) of objects, a category % (A, B); third, for each object A, an assignment of a
unit object Uy € € (A, A); and fourth, composition functors

®:€(B,C) x €(A,B) = €(A,C)

that are associative and left and right unital up to specified coherent natural isomor-
phisms, with the unit objects U, serving as the units. We call the objects of € the
0-cells of €, the objects of the categories € (A, B) the 1-cells €, and the morphisms in
these categories the 2-cells of €. A monoidal category is precisely a bicategory with a
single O-cell, with the composition ® corresponding to the tensor product, so we can
regard bicategories as multi-object generalizations of monoidal categories. The proto-
typical example of a bicategory of the type we are interested in is the bicategory .# of
bimodules, where the 0-cells are given by rings, and for rings R and S, the category of
A (R, S) of 1-cells from R to S is the category of S-R-bimodules. The composition
® is given by tensor product, so that the composite of 1-cells ¢Mr : R — S and
tNg : S — T is the T-R-bimodule

7Ns ®s sMpg.

Roughly speaking, an involution t on a bicategory € consists of, first, a bijection
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t on the collection of O-cells such that t? = id; second, equivalences of categories
t:¢(A,B)— €(B,A)
together with natural isomorphisms ¢t &~ id; and third, coherent natural isomorphisms
tUa~ Uy and t(Y O X)=tX oty

for all 0-cells A and composeable 1-cells X and Y. We refer to [MS06], Definition
16.2.1 for a more precise definition. A symmetric bicategory is a bicategory equipped
with an involution. For example, the bicategory .# admits an involution (-)°?, and
hence can be made into a symmetric bicategory. On the level of 0-cells, (-)°P sends
a ring R to the opposite ring R°P, while on the level of 1-cells (-)°P sends an S-R-
bimodule M to the same module M regarded as an R°P-S°P-bimodule.

A symmetric bicategory € is closed if for every triple (A, B, C) of 0-cells, there is

a functor

> G(A,B)® x €(A,C) — €(B,C)

such that for all 1-cells X : A - B, Y : B — C and Z : A — (|, there is a natural
isomorphism

CY X, 2)~C(Y,X > 2).

(Here we have used the notation (Y © X, Z) to denote the set of 2-cells from Y © X
to Z, and similarly for € (Y, X > 7). In general, we will rely on the context to make
clear whether an expression of the form %’ (—, —) should be interpreted as a category
of 1 and 2-cells between two 0-cells or as a set of 2-cells between two 1-cells.) Setting
Z QY =t(tY > tZ), we then obtain functors

Q:C(AC)x € (B,C)" — ¥ (A, B)
such that there are natural isomorphisms
CY X, Z2)E€(X,Z1Y).

when X, Y and Z are as before. We think of X > Z and Z <Y as “hom”-1-cells,
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and call the adjoints
e:(X>2)oX =272 and e:YO(Z<Y)—>Z (3.8)

of the identity maps of X > 7 and Z <Y, respectively, evaluation maps. For example,
the bicategory .# is closed, and > and < in this bicategory are given by actual hom-
functors: if sMr : R — S, tNg : S — T and vLgr : R — T are bimodules, then
bimodule maps

7Ns ®s sMp — 7Lg

are in bijective correspondence with bimodule maps
rNg — Hom yignt—r(s Mg, 7LR)

so that we can take
M > L = Hom yignt—r(sMp, 7LR),

and then
L < N =Homeg_7(rNg, 7LR).

The evaluation maps (3.8) in this case correspond to evaluation of homomorphisms
against arguments, justifying our terminology.

Having introduced the relevant definitions, we will now describe the closed bicat-
egory &x. The objects of & are spaces which are compactly generated and have
the homotopy type of a CW complexes, and given spaces A and B, the category of
&x(A, B) of 1-cells from A to B is Ho.#px4. Given l-cells X : A —- B, Y : B — C
and Z : A — C, we have

Y ©X o (nSE5N (7EENYY Aowpxa (554 X)), (3.9)
X Z = (nGp™)Foxpxa (554 X, (xE54 2) (3.10)

and
Z QY = (755N Foxpxa (rE5)Y, (7854 2) (3.11)

where the various maps called 7 stand for projection maps with the indicated domains
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and codomains (for brevity, we have omitted the x-signs). The unit 1-cell Uy €
&x(A, A) is given by A|Sy, where A : A — A x A is the diagonal map. The symmetry

involution ¢ is the identity on 0O-cells, and on 1-cells we have
t=1": HOyBXA —>HO§”A><B

where 7: A X B — B x A is the map that interchanges the A and B coordinates.

The closed bicategories &x g are analogues of & that are suitable for work relative
to a base space B. The objects of &xp are fibrations K — B, L. — B, and so on with
base space B, and the category of 1-cells from K — B to L — B is Ho (%« ;). For
l-cells X : K - L, Y :L— Mand Z: K — M (we now omit the projection to B

from the notation for a 0-cell), we have

Y ©Op X = (myg ) ((mar™ )Y Avrcprxpr (T ™) X) (3.12)

XopZ = (M) eFasxprxpr (70x ") X, (Mg ) Z) (3.13)
and

Z<ApY =~ (mpg™ s Farxprxpr (M"Y (magg ) 2) - (3.14)

The unit Ux € &rp(K, K) is given by §,Sk, where § : K — K xp K is the diagonal
map. The symmetry involution ¢ is again the identity on 0-cells and is induced by the
coordinate exchange maps K xg L — L xg K for 1-cells and 2-cells. The bicategory
& is the special case &x,y. We warn the reader that in their definition of &z, May
and Sigurdsson do not require the maps K — B to be fibrations for objects of &xp,
and our &xp then corresponds to the full sub-bicategory @@:cgb of their &rp. Since it
is this sub-bicategory cg"xgb that will be relevant to our work, we have opted to give

it the simpler name &g

Given a spectrum X over a space B, we can interpret X as either a 1-cell
X :B—pt

or a l-cell
X:pt—B
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in &, and we choose the first interpretation as our default. The 1-cell ¢X then
corresponds to X interpreted in the second way. If Y is another spectrum over B,
then (3.9), (3.10) and (3.11) give

YotX~rn(YApX) and X>Y ~tY <tX ~r Fp(X,Y)

where r : B — pt is the unique map from B to the one-point space. Similarly, given
a fibration K % B and a parametrized spectrum X over K, we will interpret X as a
1-cell

X:K—B

in &, where in the codomain we have written B for the identity fibration id : B —
B. The 1-cell tX is then X interpreted as a 1-cell B — K, and if Y is another
spectrum over K, then (3.12), (3.13) and (3.14) give the equivalences

Y@B tX zp!(Y NK X) and XDBYl’tY <p tX 2p*FK(X7Y). (315)

Remark 21. Although we do not know of a reference, it should be true that a
parametrized spectrum X over a connected space B with a basepoint is more or less
equivalent data to a module over the ring spectrum X°QB, the X5°Q2B-module cor-
responding to X being the fiber of X over the basepoint equipped with the holonomy
action of 2B. Under this correspondence, a parametrized spectrum over a product
B x A should then be equivalent to an X0 B-X°0A-bimodule. From this point of
view, it is not surprising that parametrized spectra over different base spaces should

fit into a structure similar to the bicategory .# of bimodules.

Remark 22. The bicategory & is unsatisfactory in the sense that it fails to incorporate
one essential piece of structure present in parametrized homotopy theory, namely
continuous maps between base spaces. These maps should be present as kind of 1-
cells, but that slot has already been taken up by parametrized spectra. Similarly, the
bicategory . fails to capture all of the structure relevant to module theory, as it does
not include ring homomorphisms as part of the structure. Michael Shulman [Shu08]

has defined a more elaborate categorical structure called a framed bicategory that
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allows one to address these defects. However, we shall not need this more elaborate

version of &z.

3.4 Duality in closed bicategories

Our main reason for introducing the bicategories & and &xpg was to provide a home
for the duality that will give the conceptual underpinnings for the construction of
umkehr maps. In this section, we will discuss the general duality theory of 1-cells in
bicategories. We refer the reader to [MS06], Section 16.4 for more details.

By definition a dual pair (X,Y) in a bicategory % consists of 1-cells X : B — A
and Y : A — B together with 2-cells

n:Us—>XOY
and
€2Y@X—>UB

such that the following diagrams commute:

X—= U, 0X 2 Xov)eX

and
Y%Y@UA%Y@(XQY)

Y#UB@YW(Y@X)QY

We call X the left dual of Y and Y the right dual of X. The maps ¢ and 7 are
called the evaluation and coevaluation maps, respectively. A 1-cell is called left or
right dualizable if it admits a left or right dual, respectively, and the dual is then

unique up to a canonical isomorphism. The definition of a dual pair may remind the
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reader of that of an adjoint pair of functors, and indeed an adjoint pair of functors
is simply a dual pair of 1-cells in the bicategory of categories, functors and natural
transformations.

If € is a closed bicategory and (X,Y) is a dual pair in ¥ with X : B — A and
Y : A — B, then the adjoints of the evaluation map

e YOX —=Up

give isomorphisms
Y5 X>Up and X SUp<Y

under which the evaluation map ¢ corresponds to the standard evaluation maps
(XDUB)QX%UB and Y@(UBQY)—)UB

of equation (3.8). Thus in a closed bicategory, every 1-cell X : B — A has a canonical
candidate for a right dual, namely X > Up, and similarly a canonical candidate for a
left dual, namely Uy <1 X. However, we stress that in general neither of these 1-cells
is a dual for X, as the requisite coevaluation map n may fail to exist. In general, left
or right dualizability of a 1-cell X amounts to a kind of finiteness condition on X.

fX:B—-AandY : A — Band Z: B — C are 1-cells in a closed bicategory
¢ and € is a 2-cell

e:YoOX —U;g,

then the adjoint of the map

ZoYOoXZE 70U 5 7

gives a map
w:Z0Y - X 2. (3.16)

The following proposition gives a characterization and a consequence of right dualiz-

ability.
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Proposition 23. With X, Y and € as above, the following are equivalent:
1. (X,Y) is a dual pair with evaluation map €
2. The map p of equation (3.16) is an isomorphism for Z = X
3. The map p of equation (3.16) is an isomorphism for all Z.

Sketch of proof. Clearly (3) implies (2). Assuming (2) holds, the adjoint Uy — X > X

of the isomorphism Uy ® X = X and the inverse of u give a coevaluation map
-1
n:Us—=X>XLt5X0Y

that pairs with the evaluation map e to make (X,Y’) into a dual pair. Finally,

assuming (1) and denoting the coevaluation map by 7, the map

(X>Z)on e@Y

X>Z5 (X>2)oUy (X>2)0X0Y =—=Z0oY

provides an inverse for the map u, showing that (3) holds. m

3.5 Costenoble-Waner duality

If X and Y are parametrized spectra over a space B, we may ask whether (tX,Y)
or (X,tY) give dual pairs of 1-cells in &, and these turn out to be wholly different

questions. Unrolling definitions, we see that (¢X,Y") is a dual pair if there are maps
ASp 51X ApypmyY and n(Y ApX)S S (3.17)

satisfying the requisite identities, while (X, tY) is a dual pair if there are maps
SLr(XAgY) and 7Y AgypmX 5 ASp (3.18)

satisfying the identities. Here A : B — B x B is the diagonal map, m; : B x B — B

are the projection maps, 7 is the unique map r : B — pt, and S = S, is the sphere
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spectrum. Taking adjoints of the n and ¢ in (3.17), it is now easily seen that (tX,Y)
is a dual pair in &z if and only if X and Y are dual to each other as objects of the
symmetric monoidal category Ho.#p. On the other hand, (X, tY’) being a dual pair

corresponds to a new kind of duality between spectra over B.

Definition 24. If (X, tY) as above is a dual pair, then X and Y are called Costenoble—
Waner dual to each other. A spectrum over B is called Costenoble—Waner dualizable
if it admits a Costenoble-Waner dual. We call a space B Costenoble-Waner dualizable

if the sphere spectrum Sg over B is Costenoble-Waner dualizable.

It is easy to see that a pair of 1-cells (Z, W) is a dual pair if and only if (tW,t2)
is, so the definition is actually symmetric in X and Y. It can be shown that any
spectrum X over B which is a wedge summand in Ho.#g of a finite cell spectrum is
Costenoble-Waner dualizable (see [MS06], Theorem 18.2.1), so in particular any finite
CW complex is a Costenoble-Waner dualizable space. The following parametrized
version of the Atiyah duality theorem identifies the Costenoble-Waner duals of closed

manifolds.

Theorem 25 (See [MS06], Theorem 18.6.1). Suppose M is a smooth closed manifold
embedded in R*. Then (SM7tZK4LS”M) 15 a Costenoble—Waner dual pair, where vy,

denotes the normal bundle of the embedding.

We may sometimes write S~ for the spectrum E&LS”M over M. A pleasant
property of Costenoble-Waner duality is that if f : B — A is a map and (X, tY) is
a Costenoble-Waner dual pair of spectra over B, then (fiX,tf;Y) is a Costenoble—
Waner dual pair of spectra over A. As Costenoble-~Waner duality over the one-point
space clearly reduces to ordinary Spanier—-Whitehead duality of spectra, applying 7
to the dual pair of the theorem we recover the classical theorem of Atiyah identifying
the Spanier—Whitehead dual of XM as S~FM¥M.

In addition to regular Costenoble-Waner duality, we will also need to consider
relative versions of this duality defined in terms of the bicategories &xp instead of
&x. In analogy with Definition 24, given a fibration K — B, we call parametrized
spectra X and Y over K Costenoble-Waner B-dual (or just B-dual for short) to each
other if (X,tY) is a dual pair in &zrp. A spectrum over K is called B-dualizable if



3.6. PARAMETRIZED R-MODULES 41

it participates in a B-dual pair, and the space K itself is called B-dualizable if the
sphere spectrum Sk is B-dualizable. Intuitively, we think of B-duality as a fiberwise
version of Costenoble-Waner duality; Theorem 26 below gives this intuition precise

content.

3.6 Parametrized R-modules

So far, our discussion of stable parametrized homotopy theory has been relative to
the sphere spectrum S: the fibers of our parametrized spectra are S-modules. How-
ever, later on we will also need to work with parametrized R-modules, where R is a
commutative S-algebra, with smash product given by fiberwise smash product over
R. While the foundations developed in [MS06] are unfortunately not sufficient to
support the full theory relative to R, there is little doubt that such a theory can
be developed. Thus, for the remainder of the thesis, we postulate the existence of a
theory of parametrized R-modules that works in essentially same way as the theory of
parametrized S-modules we have discussed.

While not yet as fully developed as May and Sigurdsson’s theory of parametrized
S-modules, one approach to developing a good theory of parametrized R-modules
is via oo-categorical presheaves of R-modules. In this approach, a parametrized R-
module over a space B is an oo-functor from the oo-groupoid determined by B to an
oo-category of (unparametrized) R-modules. Concretely, using the quasicategories of
Joyal [Joy02, Lur09] to model co-categories, a parametrized R-module over B is a
map of simplicial sets

Sing B — N(R-mod)°

where Sing B is the singular complex of B, R-mod is a simplicial model category
of R-modules, (—)° stands for the full subcategory given by the cofibrant—fibrant
objects, and N is the simplicial nerve functor. This approach is discussed in [ABGT08,
ABG10], and the latter of these papers also contains a comparison with May and
Sigurdsson’s theory [MS06].

We will later need a classifying spectrum for (graded) R-line bundles, that is, for

parametrized R-modules whose fibers are equivalent to a suspension or desuspension
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of R. Using the oo-presheaf approach to the theory of parametrized R-modules, the
construction of such a classifying spectrum can be sketched as follows. As before, let
R-mod denote a simplicial model category of R-modules, and let (R-line,)° denote the
subcategory whose objects are those cofibrant-fibrant R-modules which are equivalent
to X" R for some n € Z and whose morphisms are the equivalences between such R-

modules. Then the geometric realization
|N(R-line, )°| (3.19)

gives a classifying space for graded R-line bundles: the isomorphism classes of graded
R-line bundles over a space B are in bijective correspondence with homotopy classes of
maps from B to |N(R-line,)°|. Moreover, the smash product (over R) of R-modules
gives the oo-category N(R-line,)° symmetric monoidal structure, which makes the
space | N (R-line,)°| a group-like E, space, and hence the zeroth space in a connective
spectrum. We will denote this spectrum by liney(R). This is spectrum is then our
desired classifying spectrum: isomorphism classes of graded R-lines over B are in
bijective correspondence with homotopy classes of maps of spectra from XFB to
line, (R). We note that the zeroth space (3.19) of line,(R) is equivalent to

7/l x |N(R-line)°| ~ 7/l x BGL,(R) (3.20)

where [ is the period of R or 0 if R is not periodic. Here (R-line)° is defined in the
same way as (R-line,)° except that we require all objects to be equivalent to X°R.
The equivalence in (3.20) follows from [ABG™08].

Given a finite-dimensional vector space V', we can associate to V the F-module
SV AE, where SV denotes the one-point compactification of V. This association gives

rise to a map

ko — line,(R)

where ko is the connective real K-theory spectrum. This map will feature later in

Section 5.4 in the definition of universal R-orientation, Definition 37.



Chapter 4

Umkehr maps in the twisted
setting

In this chapter, we discuss umkehr maps (or wrong-way maps) in the parametrized
setting. The first section is devoted to the proof of Theorem 26, the main result and
workhorse of the chapter. The theorem is a slight partial generalization—from fiber
bundles to fibrations, but only non-equivariantly—of May and Sigurdsson’s [MS06]
Theorem 19.5.2, which they call the Fiberwise Costenoble-Waner Duality Theorem.
(A result similar to May and Sigurdsson’s was proven earlier by Po Hu; see [Hu03],
Theorem 4.9). The second section then explains how Theorem 26 gives rise to umkehr
maps. The umkehr maps we will need in the sequel are pretransfer-type maps, with
history (at least in the untwisted case) going back to Becker and Gottlieb’s original
paper on transfer maps [BG75]. However, as we will see, Theorem 26 naturally gives

rise to more general umkehr maps as well.

4.1 The fiberwise Costenoble—Waner duality the-

orem for fibrations

Our goal in this section is to prove the following version of the Fiberwise Costenoble—
Waner Duality Theorem, [MS06], Theorem 19.5.2. The result is a generalization of

43
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May and Sigurdsson’s theorem, which is deals with fiber bundles instead of fibrations.

Theorem 26. Let p: E — B be a fibration whose fibers are Costenoble—Waner du-
alizable. Then E is Costenoble-Waner B-dualizable, and for any Costenoble-Waner

B-dual T, of Sg, we have a natural equivalence
p!(X AB Tp) ~ p*X (41)

for X € Ho %%.

The proof of the theorem hinges on relating duality in the bicategory &xrp to
duality in the bicategory &z. Let us start by introducing the relevant categorical

notions. If ¥ and & are bicategories, a pseudofunctor
F:¢—29

consists of, first, a map from the 0-cells of € to the 0-cells of Z; second, for each pair
A, B of 0-cells of €, a functor

F:%¢(A B)— 9(FA,FB);
and third, coherent natural isomorphisms
BFYOFX S FY®X) and k:Ups > FU,. (4.2)

If € and Z are closed bicategories, a pseudofunctor F' : € — & is called closed if the
adjoints
a:F(X>Z)—= F(X)> F(2) (4.3)

of the maps
FIXe2Z2)o F(X) S F(X>2)0X) 5 F(2)

are isomorphismes.
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If f: A— B isamap, then according to [MS06], Proposition 19.3.4, f induces
a pseudofunctor f*: &g — &x 4 in the following way: On objects, f* sends a 0-cell
K — B to the pullback f*K — A, as in the square

ffK—K

|, ]

A——B

and for O-cells K — B and L — B of &xp, the functor
[ &rp(K,L) — xa(f*K, f*L)
is defined by pull-back along the map
ffK x4 f*L~ f*(K xgL)— K xgL.

If X and Y are as in equation (3.12), the natural isomorphism g of (4.2) is given by

the composite

Y ©a f*X > (myr) ()" Y Az (mp) ™ f7 X))

(o) (" (maan)"Y Az /7 (mok )" X)

(mare S (L)Y Anink (7or)*X) (4.4)
S (maar ) ()Y Anre (o)™ X)
'Y ©p X)

in e e

where we have used overline to denote pullback along f and we have omitted X pg
and x4 from the notation. Here the maps denoted by 7 are projections domain
M xp L xg K or f*M x4 f*L x4 f*K and with the indicated codomains, and the
next-to-last equivalence is given by the analogue of Proposition 19 for the homotopy
category of parametrized spectra. As the precise definition of the natural isomorphism

k of (4.2) will not be important to us, we shall not elaborate on it here.
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As one might expect, the pseudofunctor f* : &&p — &x 4 is closed, and proving
this will be our next goal. To make the proof more conceptual, we will first indulge

in some more category theory. Suppose
L:C—/D:R

and

L:C—/D:R

are adjunctions and B : C — C and B’ : D — D are functors. Then two natural

transformations
c:LB— BL and 7:BR— RB'

are called mates when o is the composite

LBn L7L

LB 2% I BRL X5 LRB'L 225 B

or equivalently when 7 is the composite

BR ™% RLBR ™% RB'LR 2% RB'.
Here 1, n and ¢, £ denote the units and the counits of the adjunctions, respectively.
As the domain and codomain of o feature the left adjoints L and L, we sometimes
call o the left mate of 7, and similarly 7 the right mate of o. Pictorially, ¢ and 7 are

mates when

C—D C«——D
id| == |id id| == |iud
c—L5p C+2-Dp c+2%-p c—-D
LT Nl NG
C—D c+D Ce—1D c—oD
id :6_> id id :77> id
C——D C++D
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Recalling that the adjoint of a morphism f : LC' — D under the adjunction

L:C—

R

Wl

is the composite i
¢ RL(C) 2L RD,

we see that the right mate of
0:LB— B'L

is precisely the adjoint of
LBR % BLR 25 B

In particular, taking (L, R) and (L, R) to be (—©X, X1>—) and (—OF(X), F(X)>—),
respectively, and letting B and B’ be given by F', we have the following lemma.

Lemma 27. Suppose F' : € — 2 is a pseudofunctor. Then for any 1-cell X the

natural transformation
a:F(Xp>—-)—=FX)> F(-)
of (4.3) is the right mate of the natural isomorphism
B:F(-) 0 F(X) = F(-6X)
of (4.2). O

We are now ready to prove that f* is closed.

Proposition 28. Suppose f: A — B is a continuous map. Then the pseudofunctor
ff:Erp — Exy

15 closed.

Proof. Let K — B, L - B and M — B be 0-cells and let X : K — L be a 1-cell in
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&xp. The adjunctions
(=)0 X : Exp(L,M)—8xp(K,M) : X >p (—)

and
(=) ©a (X)) : Exp(f*L, f*M)——Exp(f*K, f*M) : f*X >a(—)

split as composites

(mmrL)* (IAMmLr(Tor)* X (T k)

Ho Sy ———HoSurk Ho Symix ——— Ho Suk
(marr)« Fyurr((ror)*X,—) (i)™
and
(r37p)* (Dar(reR) X (m37:)!
Hoyméfloym R HOﬁm&HOﬁW
TR+ Frrr((rpg)™ [ X,—) rR)”

where again we have used overline to denote pullback along f and we have omitted x g

and x 4 from the notation. From equation (4.4), we see that the natural isomorphism
B:f (=) Oa f(X) = f(~ 0Op X)
is the composite 2-cell in

iy * — T *X T |
HOyMLM)HOyMLK CIraenxrex) HOyMLK%HOyMK

f* ’81 f* ’82 f* BS f*

Hoym%Hoym HOym—>HOyW
(m5p)” (Naer(rr) X ("3

where [3; is the isomorphism

Br () [ = f (),
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[ is the composite
Bo o (=) Narr ()" [T X (=) Narrr (o) X

e

/
(=) Az (o)™ X)
and (3 is the isomorphism

B (WW)!f* = f*(WMK)!

given by the analogue of Proposition 19 for the homotopy categories of parametrized

spectra. Now the right mate

a: fHX>p—) = fA(X)>af ()

of f is the composite 2-cell

U * F T *X,f s *
HOyM[ﬁMHOyMLK mrx ((rox) ) HOyMLK&HOyMK
id = id = id - id
™ * — T *X T I
Ho .1 (mamr) Ho . Sys1x (IAMLK(TLK) Ho %1111 (TarE ) Ho . %y 5
£ B1 = B2 ¥ B3 =
HoyML >H0c§ﬂMLK HoyMLK—>HOLSﬁW
(”m)* ( )/\MLK(WLK) X (WMK)!
id il id il id il id
Ho ym<— Ho yW
(m3r)"

Ho .%57/7 +——— Ho 7%
O ML ( ) © LK FMLK((T"W)*]C*Xv_)

TAML)*

But here the composite of the 2-cells in the left column is the right mate of 3;, which
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is the natural isomorphism

*

L) = () f

of the analogue of Proposition 19; the composite of the 2-cells in the middle column
is the right mate of 5, which is the natural isomorphism

Far ([ (mor)™ X, f7(=))

Frrr((rog) 17X, (=)

f*FMLK((ﬂ'LK)*X7 —)

o n

and the composite of the 2-cells in the right column is the natural isomorphism

Fr(mur)” = (mag) f*
0

It follows that « is a natural isomorphism as well, as desired.

Suppose X : A — B, Y : A— Cand Z : C'— D are 1-cells in a closed bicategory

% . Then the adjoint of the map

ZoXpY)oX 25 Zoy

gives a map

Let us denote by puxz the composite
HXU4Z ~

Then pxyz is simply the map u of equation (3.16) associated with the standard eval-

uation map
€Z(X>UA)®X—>UA.

Our next goal is to show that F'j1x 7 is isomorphic to ppx pz when F'is a closed pseud-

ofunctor. We will start with the following lemma, which spells out the relationship

between Fuxyz and ppx ry,rz.
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Lemma 29. Suppose F' : € — 2 is a pseudofunctor between closed bicategories.

Then the following diagram commutes:

FZo(X>Y)) — %2 p(X>(Z0Y))
7| |
FZoF(X>Y) FX>F(ZOY) (4.5)

FZ@O{ TFXD,B

FZ®(FX>FY)——— 5 FX > (FZ®FY)

HFX,FY,FZ

Proof. We have the following diagram:

BOFX

FZOFXpY)oFX F(Zo(Xp>Y))oFX

W \%‘FX
FZOF(X>Y)0X) |8 FX>(ZoY)oFX
FZoOaOFX p
F(Zo (X>Y)oX) 5 (4.6)
FZOFe (nxv 20X)
FZ6(FX>FY)® FX Fzes|  F(X>(Z0Y)) 6 X)

Here the triangle on top commutes by a coherence condition required of 3, and the
parallelogram on the right and the trapezoid in the middle commute by naturality.
The parallelogram on the left commutes by the definition of a as an adjoint of Feo 3,
and the triangle in the bottom right hand corner commutes by the definition of pxyz

as an adjoint of Z ® ¢. Now the composite

OZOFH'XYZOB
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in diagram (4.5) is adjoint to the composition of the maps along the top- and right-
edges of diagram (4.6), while the other composite in diagram (4.5) is adjoint to the
composite of the maps along the left and bottom outer edge of diagram (4.6). The

claim follows. ]
We are now ready to prove that Fuyy and ppx py are isomorphic.

Lemma 30. Suppose F': € — 2 is a closed pseudofunctor. Then the maps
F(Z© (X > Us) ~2% F(X > Z)

and
UFX,FZ

F(Z)o (FXp>Upy) —= FXD>FZ
are related through a zigzag of coherence isomorphisms.

Proof. We have the diagram

F(Z6 (X 5 Ua)) —22 % p(X 5 (26 Ug)) — = F(X & 2)
B~ ~|la

FZ® F(X > Uy) FX > F(Z®Uy)
al~ ~|8 ~|a

KFX,FU,,FZ

FZ® (FX > FUy) FX1>(FZ® FU,)

K|~ XK

HFX,Up s, FZ

FZ® (FX 1> Upy) FX>(FZoUpy) ————FX>FZ

The rectangle in the top left hand corner commutes by Lemma 29, while the rectangle
in the bottom left hand corner and the trapezoid in the top right hand corner commute
by naturality. Finally, the triangle commutes by a coherence property required of
pseudofunctors. As Fuxy is the composite of the maps in the top row and ppx rz is

the composite of the maps in the bottom row of the diagram, the claim follows. [
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The proof of Theorem 26 is now easy.

Proof of Theorem 26. We will show that the standard evaluation map
(Sp>p5 Ug) ©®p Sp = Ug

makes (Sg,Sg >p Ug) a Costenoble-Waner B-dual pair. By Proposition 23, it is
enough to show that the map

Usp.sy - S ©Op (Se>pUg) — Sg>p Sk

is an equivalence in &xp(B, B) = Ho.5, and by the analogue of Proposition 20 for

parametrized spectra, pg, s, is an equivalence if the map
b*(”SE,SE) : b*(SE ©B (SE > B UE)) — b*(SE >p SE)

is an equivalence in &z (pt, pt) = S for every b € B. By Proposition 28, b* : xp —
&x is a closed pseudofunctor, so by Lemma 30 the map b*(us, s.) is equivalent to
the map

Upspbesg 2 0"SE © (b"Sp > Upg) = b"Sp > b*Sg.

As b*E is just the fiber £, of E over b, and b*Sg is equivalent to Sg, over Ej, the

map [p*Ss,b+S, 18 equivalent to the map
'USEvaEb : SEb ® (SEb > UEb) — SEb > SE,,-

But this last map is an equivalence by Proposition 23 and the assumption that the
fiber £ is Costenoble-Waner dualizable. Thus b*(us,,s,) is also an equivalence, and
Sg is Costenoble-Waner B-dualizable, as claimed.

Suppose now 7T, is a Costenoble-Waner B-dual for Sg. By Proposition 23, we

then have a natural equivalence

u:X@BTpi)SEDBX
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for all spectra X over E. By equation (3.15), the domain of p is equivalent to
p(X AgT,), while the codomain of y is equivalent to p,Fr(Sg, X) ~ p.X. Thus the

desired comparison (4.1) follows. O

4.2 Umkehr maps

In this section, we explain how Theorem 26 can be used to construct umkehr maps
in the twisted setting. Throughout the section we will work on the level of homotopy

categories.

Let us start by introducing notation. Suppose B is a space and X is a spectrum

over B. Then we denote
Ho(B; X)=nX and H*(B; X)=r.X (4.7)

where 7 is the unique map from B to pt. The notation is supposed to suggest
homology and cohomology with twisted coefficients: If X is, say, an R-line bundle
over B, then the homotopy groups of He(B; X) = nX and H*(B; X) = r.X are
the twisted R-homology and R-cohomology groups of B, with the twisting given by
the R-line bundle X. The case of a trivial bundle corresponds to the situation where
there is no twisting. If X is the trivial spectrum over B with fiber the spectrum F,
then
o He(B; X)~ Fy(B) and w,H*(B; X)~ F™(B).

It is convenient to generalize the notation (4.7) to a parametrized setting. Suppose

p: E — B is a fibration, and let X be a spectrum over E. Then we denote
HPE; X)=pX and Hip(E; X) = p.X,

sometimes dropping (B) from the notation when the base space B is clear from the

context. We think of H?) and HZB) as fiberwise versions of H, and H*®, respectively:
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if b € B, then
HPNE; X))y ~ Ho(Ey; i;X) and  Hp)(E; X)y ~ H*(Ey; i3 X)

where (—), denotes the fiber over b and iy, : E, < F is the inclusion. We note that

we have
Hy(E; X)~rHP(E; X) and H*(E; X) ~ rHip) (E£; X)

where r continues to denote the map from B to the one-point space.

Given a commutative diagram

X

E—'1 . E (4.8)

N

where p; and p, are fibrations and X is a spectrum over E5, we define
fi 2 HO(En; [1X) = HP (Bs; X) (4.9)
to be the composite
H (B [7X) = (pou "X = (p2)hif "X = (p2) X = HE) (B X)

where the equivalence follows from the factorization p; = psf and the arrow is given

by the counit of the adjoint pair (fi, f*). Similarly, we define
f5 Hip) (B2 X) = Hip) (Er; [7X) (4.10)
as the composite

HEB)(EQ; X) = (pQ)*X — (p2)*f*f*X = (pl)*f*X = HEB)(EI; f*X)
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where the arrow is now given by the unit of the adjoint pair (f*, f.). Applying 7 to
(4.9) and 7, to (4.10), we also obtain induced maps

f}i : Ho(El; f*X) — HO(EQ; X)

and
ffiH (B X) — H*(Ey; f*X).

We choose not to distinguish these maps notationally from the previous ones.

Suppose now that p : E — B is a fibration with Costenoble-Waner dualizable

fibers. Then Theorem 26 gives an equivalence
HP(E; X ApT)) = Hip)(E; X) (4.11)

where X is any spectrum over E and T, is a Costenoble-Waner B-dual of E. As-
suming that the fibers of p; and py are Costenoble-Waner dualizable, the equivalence
(4.11) allows us to associate various umkehr maps to f. Denoting by T} and T5 the

Costenoble-Waner B-duals of F, and F,, respectively, we define a map
7 i He(Eo; X Ap, Ta) = He(Ey; f7X Ag, Th) (4.12)
as the composite
He(E2; X Np, To) = H*(Ey; X) L H(Ey; f°X) =~ Ho(Er; f°X Ap, Th).

Assuming that 75 is invertible in the sense that there exists a spectrum T2_1 over Fy
such that Ty Ag, Ty ' =~ Spg,, substituting X Ag, Ty * for X in (4.12), we also obtain

an umkehr map
Ho(Ey; X) = Ho(Ey; f*X Ap, (f(T2) ™ A, Th)) (4.13)

which we continue to denote by f<. Similarly, we can use the equivalence (4.11) to
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define umkehr maps in cohomology. Assuming that T} and T, are both invertible, the

composite
H By X A, i) = Ha( By £X) 25 Ha(By; X) = H*(By; X Ap, T57)
gives us an umkehr map
fo i HY By P X A, TTY) — H (B X Ap, T ) (4.14)
and substituting X Ag, T for X we also get an umkehr map
fe i HEG f*X A, (T Ag, TTY)) — H(Ey; X); (4.15)

in fact, for the definition of this latter umkehr map, it is enough to assume that just
T, is invertible. Again, applying r to the homological umkehr maps and r* to the
cohomological ones, we obtain umkehr maps featuring H, and H*® instead of H, and
‘H*®, respectively. We will use the notation f~ and f. for these maps as well.

In general, special assumptions are necessary to guarantee that the twisting 7,

associated with a fibration
p:E— B

is invertible. A common situation where T), is invertible and easy to understand is
when p is a fiber bundle whose fibers are closed manifolds; in that case, it follows from
Theorem 18.6.1, Proposition 18.3.2 and Corollary 19.4.4 of [MS06] that T, >~ Sy,
where Tye is the vertical tangent bundle of p. More generally, 7}, is invertible when
p is a fibration whose fibers are homotopy equivalent to closed manifolds.

We now turn to examples, focusing on homology. For our purposes, the most
important umkehr maps correspond to the case where Fy = B and p, is the identity
map in diagram (4.8). Writing E for Ey, p for p; and f and T, for 7, the umkehr
map (4.12) becomes

P” i He(B; X) = Ho(E; p" X Np T,).
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We call this map (or the one obtained from it by applying r) the pretransfer map. To
motivate the terminology, consider the case where p : E — B is a fiber bundle whose
fibers are closed manifolds, so that 7}, ~ S;™*. Then, if X is a trivial bundle of
spectra with fiber the spectrum F', applying 7 to the above map and taking homotopy
groups gives us the factor

F.(B) — F,(E~™er)

of the full Becker—Gottlieb transfer map
F.(B) — F.(E)

of [BGT5].

While the pretransfer maps discussed above are the umkehr maps that will be the
most important for us in the sequel, we would like to point out that the case where
the space B in diagram (4.8) is a one-point space is also of interest. In that case,
assuming that £ is a closed manifold M and using Theorem 25 to identify S, as

the Costenoble-Waner dual of M, the equivalence (4.11) becomes
Ho(M; X Ay Sy™) ~ HY(M; X), (4.16)

a strong form of unoriented Poincaré duality. If f : M; — M, is a map between

closed manifolds, then (4.12) becomes a map
[T Ho(May X Apgy Sy™) = Ho(Mys f*X Mgy Sy™) (4.17)
and (4.13) a map

Ho(Ma; X) —Ho(My; f*X Aary (F(S05") 7" Aary So™))

) (4.18)
~ Ho(My; f*X Aas, Si8)

where

*
Vf:fTM2_TM1

is the virtual normal bundle of f. As pointed out by Cohen and Klein [CK09], taking
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f to be the diagonal map A : M — M x M of a closed manifold M and taking X
to be (LM x LM, ev x ev),, where ev : LM — M is evaluation at the basepoint, we
obtain an umkehr map relevant to string topology: with these choices, (4.17) becomes

the map

AT Ho(M x M; (LM x LM, ev X ev); Apxar Syian™)
— Hy(M; A™(LM x LM, ev % ev); Ay Sy™)

which is just the umkehr map
LM N LM™M — (LM x5 LM)™™

featuring in the Cohen—Jones construction [CJ02] of the loop product.



Chapter 5
Towards a field theory

In this chapter, we will prove our main result towards the construction of the field
theories of Conjecture 1, namely the existence of a field-theory operation associated
with a fixed cobordism W. This result is Theorem 41. While in that main result
we only associate an operation to a single cobordism, it is natural to expect that,
like in the case of the Freed—Hopkins—Teleman field-theory operations (see [FHT07al,
Section 4), one should more generally be able to associate an operation to a family of
cobordisms parametrized by a space. Indeed, much of our setup is tuned towards the
construction of such an operation in the universal case where the family is the tauto-
logical one over the space of all cobordisms. The conjectural operation parametrized
by this space is the composite map (5.56), and in Section 5.5 we will explain how this
map would give rise to the Homological Conformal Field Theory operations we had

in mind in Conjecture 1.

The chapter is structured as follows. In Section 5.1 we will define our cobordism
categories, modeling them after the ones considered in [GMTW09]. Our field-theory
operations depend on the choice of a universal R-orientation (see Definition 37), a
notion that features Madsen—Tillmann spectra. In Section 5.2 we discuss Madsen—
Tillmann spectra and relevant related spectra, and construct maps from the spaces
of objects and morphisms in our cobordism categories to these spectra. It is through
these maps that universal R-orientations interact with the cobordism category. The

field-theory operation induced by a cobordism W arises from a pull-push construction

60



5.1. COBORDISM CATEGORIES 61

in the diagram
map(9yW, BG)+—map(W, BG)——map(d,W, BG),

and in Section 5.3 we calculate the twisting involved in the pretransfer map induced
by s by finding a fiber bundle approximation to the fibration s. In Section 5.4 we then
construct our field-theory operations. Finally, in Section 5.5 we discuss conjectures
that would get us closer to the construction of the field theories of Conjecture 1, and
also comment on the relationship of our work to that of Freed, Hopkins and Teleman
[FHTO07a] and Chataur and Menichi [CMOT7].

5.1 Cobordism categories

In this section, we will describe briefly the cobordism categories C; and C; (K) rele-
vant to the construction of our field theories, as well as their variants Cj , and Cy,(K).
Intuitively, C; is the category whose objects are oriented closed (d — 1)-manifolds,
and whose morphisms are the oriented cobordisms of such, and the category C; (K)
is similar, except that each object and morphism is equipped with a map to a space
K. The variants CJ, and Cy,(K) are the subcategories of C; and Cj (K), respec-
tively, where every connected component of every cobordism has both an incoming
and an outgoing boundary component.! Apart from the minor addition of the choice
of a tubular neighborhood into the data making up an object or a morphisms, the
cobordism categories C; and C;(K) are special cases of the cobordism categories
considered in [GMTWO09]. The genealogy of these cobordism categories goes back to
at least [MTO1].

As a first step toward defining our cobordism category of oriented d-manifolds in a
background space K, consider the category @'ZL(K ) defined as follows. Let Gry(RY)
and Gr} (R’) denote the Grassmannians of unoriented and oriented d-dimensional

linear subspaces of R¥, respectively, and notice that an embedding of a d-dimensional

'Thus our CI@ and CIB(K )p are different from the positive boundary subcategories considered
in [GMTWO09], as in the positive boundary subcategories only the outgoing boundaries of the cobor-
disms are only required to be non-empty.
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manifold M into R* induces a canonical map
v 0 M — Grg(RF)

classifying the tangent bundle of M. Then the set of objects Obj (ZZL(K ) consists
of quadruples (M, a, 7, f), where M C R¥ is a closed (d — 1)-dimensional smooth
submanifold of R¥; a is a real number; 7, is an orientation of M, by which we mean
a lift of the canonical map

a0 M — Grg_y (RF)

to a map

M — Gr}_(RY);

and f is a continuous map
f:M— K.

The set of morphisms MoréVIL(K ) is a disjoint union of a copy of Obj 5;{ 1 (K)
(giving the identity morphisms), and a set M_oré:;fL(K ) consisting of quintuples
(W, ag, a1, 7w, f), where ag and a; are real numbers; W is a compact d-dimensional
submanifold of [ag, a;] x RY with boundary OW = W N {ag, a1} x RE; iy is a lift of
the canonical map

w : W — Grg(R x RY)

to Grj (R x RF); and f is a continuous map
fW—=K.

We call W = W N {ag} x RY the incoming and O,W = W N {a;} x RE the
outgoing boundary of W, and require that W N [ag, ag + e[xRL = [ag, ag + e[x W
and WnN]a; — ¢,a;] x RY =|a; — ¢, a;] x ;W for some small € > 0. The source and
target maps

s,t: MorCNC'ZL(K) — Obj CNC'{L(K)

are given by restriction of the data to the incoming and outgoing boundaries, re-

spectively, and composition is defined by concatenation. The sets Mor 5IL(K ) and
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ODbj CNC‘ZL(K) can be given topologies in a natural way, making CN(IL(K) a category
internal to the category of topological spaces, but instead of reciting the long details
here, we refer the reader to [GMTWO09], with the advice that he or she should simply
replace R¥™1%° in that discussion with R* where appropriate.

The standard inclusion R* < RX*! induces a functor
Cin(K) = Cyp i (K)

and in the limit as L goes to infinity, we obtain a category C (K) = 5deOO(K ) internal
to topological spaces. Concretely, we can describe the category CNJ(K ) simply by
taking L = oo in the discussion above, where R* is to be topologized as the colimit
of the finite-dimensional spaces R* for all L (so that every submanifold M or W of
R is contained in some finite RY). This category CE(K ) is a special case of the
kind of cobordism categories considered in [GMTWO09]. However, for our purposes
it is desirable to augment the objects and morphisms in C~j(K ) with tubular neigh-
borhoods. Thus, for finite L, we define a category CZL(K ) as follows. The space of
objects Obj C;fL(K) consists of quintuples (M, a, Ty, f, Onr), where (M, a, Ty, f) is
an object of CNC'ZL(K) and O, is a tubular neighborhood of the embedding M C RF,
that is, an extension of the map M C R¥* to a smooth open embedding of its normal
bundle v = v(M C RF) into RY such that the composite map of vector bundles over
the manifold M

do
V—)TM@V%TV|M—M>TRL|M—>V

is the identity. Unlike in the image one would typically draw of the situation, we do
not require the image of Oy, to be bounded. Similarly, the space mc;L(K ) of non-
identity morphisms consists of sextuples (W, ag, a1, 7w, f, Ow), where the first five
components form a morphism in 52 ;(K) and Oy is a tubular neighborhood of the
embedding W C [ag, a;] x RF. By our assumption on what W looks like near 9,1, we
know that for some ¢ > 0, the restriction of the normal bundle of W C [ag,a;] x R®

to W N [ag, ag + e[xRL is canonically isomorphic to the product

[ag, ag + e[ x v(OW C RF),
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and we require that for t sufficiently close to ag, the map Oy has the form
OW(tv U) = (tv 030W<U))

for some tubular neighborhood Oy, of W C RF; and similarly for §;W. Finally,

we observe that the inclusion R* < RE*! induces a functor
CIL(K) — C;:L+1(K);

under this functor, a tubular neighborhood Oy, : (M C RF) — RF is sent to the
tubular neighborhood

v(M C RETY = (M ¢ RE) x R 22098, RE 4 R = RV,

and similarly with tubular neighborhoods associated with morphisms. In the limit as

L goes to infinity, we obtain a category C; (K) internal to topological spaces.

Forgetting the tubular neighborhood gives functors
Cip(K) = Cip(K) and CJ(K) = CJ(K),

and as the choice of a tubular neighborhood is a contractible one, these functors induce
homotopy equivalences between the spaces of objects and morphisms, and also be-
tween the classifying spaces of the categories. Given objects ¢; = (M;, a;, Tar,, fi, Onr; ),
i=1,2, of CJ (K) with ag < a;, by comparison with the corresponding space of mor-
phisms in 5; (K) and the discussion in [GMTWO09], Section 5, we can identify the

homotopy type of the space of maps from ¢y to ¢; as

CJ(K)(co, 1) = [ [ EDiff (W; 0W) Xpige+ awow) map” (W, K) (5.1)
(W]

where map?(W, K) denotes the space of maps from W to K whose restrictions to

W = My and 0,W = M, are given by fy and fi, respectively, and the disjoint union
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is over all oriented cobordisms from M, to M7, one in each oriented diffeomorphism
class.

More often than the category C; (K ), we will actually need a variant Cj,(K)
defined in precisely the same way, except that both maps m(dyW) — m(W) and
mo(01W) — mo(W) are required to be surjections for the cobordisms W featured in
the morphism. That is, we only consider those cobordisms W that have the property
that all their connected components have at least one incoming and one outgoing
boundary component. The analogue of equation (5.1) holds for Cj,(K) when we
simply restrict W to run through the representatives of oriented diffeomorphism types
in this more restricted class of cobordisms.

The categories C; and Cia can now be defined simply as
Ch=CJ(pt) and Cj,a = C;l'fa(pt).

As there is only one map from any space to the one-point space pt, we can view C;
and CJ, as the analogues of C; (K') and C;,(K) obtained by simply omitting the map
into K from the definitions, and this is how we will usually think about C; and Cj,.

As a special case of the homotopy equivalence (5.1), we have the equivalence

CJ(co,c1) ~ | [ BDifE (W;0W) (5.2)
(W]

where the disjoint union is over all diffeomorphism classes of oriented cobordisms
from M, to M;, and analogously for C(Ia(co, c1).

Let M — ObjCJ be the bundle whose fiber over the point (M, a, 7y, Opy) is the
manifold M, and similarly define W — Mor C; to be the bundle whose fiber over a
point (W, ag, a, Tw, Ow) is W. We denote by 9yWV and ;W the bundles over Mor C;
given by the pullbacks of M under the source and target maps

s,t: MorC; — ObjCy,

respectively. We then have obvious inclusions dyWW — W and o)W — W. We will
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use the same notations M, W, oW and 0,V for the corresponding bundles related
to the category Cj,. Under the equivalence (5.2), the restriction of W over C; (co, ¢1)

corresponds to the bundle

[[ EDitt (W; 0W) xpig+awiowy W — [ | BDIfEH(W;0W)
i i

and similarly for C,.

We will denote by
U:CJ(K)—Cy.

the forgetful functor forgetting the map to K. The fiber of
U:O0bjCS(K)— ObjCf

over an object (M, a,Tar, Oar) € ObjC; is map(M, K), and similarly the fiber of
U :MorCJ(K)— MorC;j

over a morphism (W, ag, ai, 7w, Ow) € MorC;j is map(W, K).

5.2 Madsen—Tillmann spectra

In this section, we will discuss the Madsen—Tillmann spectra relevant to the con-
struction of our field theories, and will construct maps from the spaces of objects
and morphisms of our cobordism categories into Madsen—Tillmann spectra and re-
lated spectra. Later on, these maps will provide the interface between universal
R-orientations and the cobordism category. The principal spectra of interest are
the Madsen-Tillmann spectrum MT'SO(d — 1) (which we think of heuristically as

an object knowledgeable about closed (d — 1)-manifolds), the suspension spectrum
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¥°BSO(d) (which we think of as an object which knows about d-manifolds with
boundary), and a spectrum Z(d) defined below (which we view as an object know-
ing about d-manifolds with boundary, where some of the boundary components have
been labeled incoming and the rest as outgoing). Our intuitive perspective on the
spectrum MTSO(d—1) comes from an important theorem of Galatius, Madsen, Till-
mann and Weiss [GMTWO09], which identifies the homotopy type of the classifying
space of the cobordism category C; , as Q*'MTSO(d — 1). We think of this re-
sult as saying that Q*°"*MTSO(d — 1) represents a kind of groupoid completion of
the cobordism category, and from this point of view, the space Q*MTSO(d — 1)
should be thought of as the space of morphisms from the empty (d — 2)-manifold to
itself in the completed category. Thus we think of Q®°MTSO(d — 1) as related to
the collection of closed (d — 1)-manifolds (that is, the endomorphisms of the empty
manifold in the cobordism category) by a completion process involving the ambient
cobordism category. In particular, we would expect there to be a map that sends a
closed (d — 1)-manifold M to its image under the completion process, and it is in this

way that we think of the adjoint of the map
¥¥0bjCl — MTSO(d — 1)

constructed below. A generalization of the Galatius-Madsen—Tillmann—Weiss theo-
rem to manifolds with boundary due to Genauer [Gen09] provides similar justification
for our perspective on the spectrum X BSO(d). As for the spectrum Z(d), to our
knowledge the appropriate generalization of the Galatius—-Madsen—Tillmann—Weiss
theorem to manifolds with boundary components colored incoming or outgoing has
not been proven, but we believe this to be because of lack of trying; in any case, we
do have a natural map
Y¥MorCf — Z(d)

as constructed below.

We now turn to the technical part of the section. The dimension d oriented
Madsen-Tillmann spectrum MTSO(d) is simply the Thom spectrum BSO(d)™ 7,
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where 4 — BSO(d) is the universal oriented d-plane bundle. A prespectrum model
for this spectrum is given by taking the L-th space of the spectrum to be

MTSO(d), = Grl(RF)%

where v — Grjf (RF) is the vector bundle whose fiber over a d-plane V' € Gr} (RF) is
the orthogonal complement of V inside R”. We observe that this model for MT'SO(d)
arises from a spectrum over BSO(d): Let S Bgdo be the parametrized prespectrum

with L-th space
(SBng ) = z.Sgﬁ ®RE)

where i : Gr) (RY) < Grf(R>®) = BSO(d) is the map induced by the inclusion
R” < R>®. Then, as suggested by the notation, we have

Spso(a) NBSOw@) SEso = SBsow@),

and

MTSO(d) = r.SBSO(d)

where 7 is the map r : BSO(d) — pt.
The Madsen—Tillmann spectra MTSO(d) and MTSO(d — 1) fit into a cofiber

sequence
SMTSO(d — 1) — MTSO(d) — ST BSO(d) % MTSO(d — 1) (5.3)
where the first map is induced by the maps
Grl ,(RY) — Grf (R x RF)

sending a (d — 1)-plane V' to the d-plane R x V. In more detail, this sequence can be
derived as follows. As is well-known, the unit sphere bundle S(v4) of 74 — BSO(d)

is homotopy equivalent to BSO(d — 1). Concretely, using the Grassmannian models
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for BSO(d) and BSO(d — 1), we have the commutative diagram

Gry (R™) = S(va)

Grj (R x R™)

where the map

Gr) (R™®) — Gr} (R x R™)

sends a (d — 1)-plane V' to the d-plane R x V', the map p is the projection, and the

map

Gr;—l(Roo) = S(7a)

sends a (d — 1)-plane V' to the point (R x V,(1,0)); an inverse homotopy equivalence
to this map is given by the map sending a pair (V,v) € S(94) consisting of an

oriented d-plane V' C R x R*® = R* and a unit vector v € V' to the (d — 1)-plane

V N {v}t equipped with the induced orientation. Now the sphere bundle S;dso( d) is

homeomorphic to the fiberwise cofiber of the map
(S(7a), p)+ = (BSO(d),id)+
of ex-spaces over BSO(d), and the sequence (5.3) arises by applying the functor
(= ABso() Sp3o)
to the cofiber sequence
(S().p)e 2 (BSO(W), i) — Shso) = Sosow(S(a)p)s  (5.4)

over BSO(d) and making use of the homotopy equivalence S(v4) ~ BSO(d — 1).

Given an object (M, a, 7ar, Opr) € ObjCJ coming from CJ ;, we obtain a canonical
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map
St — MYMERY) DM, Gt (RE) i

where the first map is a Thom collapse map, and hence a point in
QO Grl  (RY)a € Q°MTSO(d —1).
In this way, we obtain a map
2¥0bjC; — MTSO(d — 1). (5.5)

Similarly, given a morphism (W, ag, a1, 7w, Ow) € MorC; coming from C;;, we ob-

tain a map
lao, ai]. A SE — W (Wclao,ar]xRE) Tw, Gl (R x RL)vi’
a construction that leads to a map
Y¥MorCf — SMTSO(d)™ (5.6)
making the diagram

$0bjCf —— MTSO(d — 1) —— SMTSO(d)

S evo

22°Mor Cf SMTSO(d)™

t evy

%20bjCf —— MTSO(d — 1) —— SMTSO(d)

commute. The above diagram suggests that we could map X5°Mor CJ into a spectrum

Z(d) defined as the homotopy pullback of the diagram

MTSO(d — 1) = SMTSO(d) + MTSO(d — 1). (5.7)
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Indeed we shall do this, but rather than defining Z(d) as the homotopy pullback of
(5.7), it will be better for us to define Z(d) in a more roundabout way that accords
better with our understanding of the sequence (5.3) as a cofiber sequence arising from
(5.4). Constructing Z(d) and the map

N¥Mor Cf — Z(d)

from this point of view will occupy a large part of the remainder of this section, but
the effort will pay off for example in making it easy to check that diagram (5.28)

commutes, a crucial component in the proofs of Lemmas 39 and 40 in Section 5.4.

Remark 31. The ideas behind the construction of the maps (5.5) and (5.6) go back
to [MTO1].

To begin the construction of Z(d), recall that a map of f : A — X of pointed

spaces generates a functorial (on the point-set level) cofiber sequence
AL x Lo Dova

Given two maps fy : Ag = X and f; : Ay — X, the cofiber sequences generated by
fo and f; fit into a braid

go i

\Eﬁ‘

NN
N N A

e

where

Ao 2, D 0p Ux O B 324,
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and
A S op B0 Ux O B 24,

are homeomorphic to the cofiber sequences generated by the maps gy = fifo and
g1 = fif1, respectively. The square on the left is a pushout square, and hence
homotopy cartesian, as the map f is a cofibration. The diagram commutes strictly,
except for the square on the right, which anticommutes up to a natural homotopy.
Applying >*°, we get a braid of distinguished triangles of spectra.

The case where fy and f; agree is of special interest. In that case, we obtain the

diagram
go i
//—.—\\ //’.\\
A Cy YA
\ I 90 % -xf
X CyUx Cy - ¥ X
! f 91 90
-f
A Cy YA

Notice that gy = ¢; (and that both are null homotopic), while usually g, # ¢; and

go # ¢Y; instead, in both cases the two maps are related by the self—homeomorphism
of C'y Ux Cy which switches the two copies of C'y. More explicitly, g{ is the map that
collapses the first copy of Cy in Cf Ux C to a point, and g is the map that collapses
the second copy of Cy. The pushout property of the square on the left gives rise to a
map p: Cy Ux Cy — C} fitting into the diagram

o=
\
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so that p is a retraction of g{, and ¢gj. We can also define a map
O'ZZA—>CfUXOf (58)

by setting o equal to f on the equator, the canonical map to from C'A to the second
copy of Cy in Cy Ux C} above the equator, and the map from C'A to the first copy
of C; below the equator. Then ¢ is a section of ¢ and gj in the sense that we have

canonical homotopies

gio ~idss and gjo ~ —idga. (5.9)

The following lemma relates the composite f”p to g; and gf.

Lemma 32. In the above situation, the equation
f'p =95+ 9
holds after passing to the homotopy category of spectra.

Proof. The composite
CfUchQCf f—)ZA

factors as
CyUx Cp — (C;Ux Cp)/X ~ SAVEA Y B4

where V is the fold map. The diagram

YA

"
91
/ pra

CrUC ——NAVISA—>%A

» pry
90

YA

commutes, so the claim follows by passing to the homotopy category of spectra, where

YAV XA is a product and the map V represents addition. O
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Suppose now (W, ag, a1, 7w, Ow) is a morphism in C;. Everything we have said
about cofiber sequences so far works equally well in a parametrized setting when we

form the cofibers and suspensions fiberwise. Given maps
AL X DB,
let us denote by Cp(X, A) the fiberwise cofiber of the map
(A, pi)+ - (X,p)+

of ex-spaces over B. Observe that the fiber of Cg(X, A) over b € B is just the cone
C(Xp, Ap) = XpUga, CAp; in particular, it is (X,) 4 if Ay is empty. Let iy : O W — W,

k = 0.1, be the inclusions. Then we have the following diagram of ex-spaces over W.

T~

(OoW, o) + Cw (
(W,id), s¥ (50)
(81W, Z'1>+ Cw<

Here the braided part of the diagram is generated by the maps iy and ¢y, and 7y

denotes the tangent bundle of W. The maps
Cw (W, 0,W) — SiY

for k = 0,1 are given by the zero section of Sj;’ (at the base of the cone), by the

oo-section of S (at the top of the cone), and by the formula

[z, 1] > (m tl(lf?)
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for x € OxW and cone coordinate 0 < ¢ < 1, where (1,0) is to be interpreted as a
vector in R x R*; observe that by our assumption on what W looks like near its
boundary, (1,0) is contained in 7y and gives a unit normal vector for 0, at the
point x. Finally, the map

Cw (W, 0W) — Sl

in the diagram is defined by the pushout property.

In addition to diagram (5.10), we have the following diagram of ex-spaces over
BSO(d).

T~ Ty

(S(va):p)+ SEso(a) Ypso)(S(Va), p)+
\ / \ e
) / id
(BSO(d),id) Z(d) ’ SEsow) (5.11)
’ N
(S(va):p)+ Shsow) Epso(S(Va), p)+
\“//

Here the braided part of the diagram is generated by the map p, and p is defined by
the pushout property. The counit map

(Fw S = (Fw ) (Tw)"SEs0a) = SBsow)

and the maps generated by the horizontal composites in the diagram

W 2 G (R°) —=— 5(7)

LT

W — Gr}(R x R®) —— BSO(d)

together define a map from the (7 )-pushforward of diagram (5.10) to the diagram
(5.11). Applying the functor 7 (— Apso(a) S;gfj)(d)) to this map and making use of the
homotopy equivalence S(v4) ~ BSO(d — 1), we obtain a map from the diagram of
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spectra

)—3NTW (512

\-'/ 0\\/

to the diagram

//,____\.\ /"‘m—“\
YTMTSO(d — 1) 2> BSO(d) MTSO(d — 1)
/51 id
MTSO(d) Z(d) 4 Y®BSO(d)  (5.13)
N, LT
N
Y IMTSO(d — 1) Y®BSO(d) MTSO(d — 1)

\/\‘_‘///

0

where we are now working in the homotopy category of spectra. It is in this way that

we define the spectrum Z(d): we have

2(d) = n (2(d) Assow Sl

where Z(d) is the spectrum over BSO(d) defined as a pushout in diagram (5.11).

Remark 33. We note parenthetically that we can identify the homotopy type of Z(d):
together with the maps

Do, 01 : Z(d) = MTSO(d — 1),
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the map
p:Z(d) = XTBSO(d)

gives rise to two different splittings
(p, ) : Z(d) = ©FBSO(d) v MTSO(d — 1)

and

(p,0h) : Z(d) = £°BSO(d) v MTSO(d — 1).
Assuming that our morphism (W, ag, a1, Ty, Ow ) comes from Czu we get a map

lag, a1+ A gL _y pyv(WcClao,a1]xRE)
(5.14)
- (CW<W, OW) Aw SZV(WCWHXRL))

— (WﬁTW, EflanTBW)LJrl

where the second map is induced by the inclusion Sy, < Cy (W, 0W) of ex-spaces
over W. Using the cone coordinates in Cy (W, 0W), we can extend the map (5.14)

to a map
S = (RU{oo}) A ST — (W™TW w=low =19y, (5.15)

which gives us a map of spectra
S — (WTW s=lgw—ToW), (5.16)

a model for the Spanier-Whitehead dual of the map W, — SY. Composing with the
map

(W=IW ss=tow =Ty 5 Z(d),

we obtain a map S — Z(d), or equivalently a point in 2*°Z(d). In this way, we obtain
a map
»2Mor Cf — Z(d). (5.17)

Alternatively, we could observe that our constructions have been natural enough so
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that they can be performed fiberwise over MorC; to give a map
Smc; — DW — T*Z<d) (518)

where DW is the spectrum over Mor C;} whose fiber over the point (W, ag, a1, 7w, Ow)
is the spectrum (W= $-1oW-T9")  Taking the adjoint of (5.18) now gives the
map (5.17). Tracing through the constructions, the map o of (5.8) gives rise to a
map

MTSO(d —1) — Z(d), (5.19)

and we will use the composite
YX0bjC; — MTSO(d —1) — Z(d)
to extend the map (5.17) to a map
YPMorCf = XX0bjCf v EPMor Cf — Z(d).

The maps 9, are compatible with the source and target maps of C. in the following

sense.

Proposition 34. In the diagram

220bjCj +——X*MorC; ——— X0bjCf
‘ ] h l (5.20)
MTSO(d) 2 7(d) — s MTSO(d)

the square on the right commutes up to homotopy while the square on the left anti-

commutes up to homotopy.

Proof. On the summand $°ObjC; of ©°Mor C;, the claim follows from the homo-

topy equivalences (5.9). Let us concentrate on the summand 35°Mor CJ. Suppose



5.2. MADSEN-TILLMANN SPECTRA 79

(W, ap, a1, 7w, Ow) € MorC, comes from C; ;. We then have the commutative dia-

gram

St = (R U {oo}) A S*

r ((JW(W, OW) Aw s;éWC[“OvaﬂxRL)) = (W-TW 219w =T, | — Z(d) 41

" (EW(30W7 i)+ Aw SI'jéWC[‘IOvaﬂXRL)> .

S0, W (@oWCRE) (oW =TOW)Y, 1 — MTSO(d — 1) 14

where 7 is the extension (5.15) of the map (5.14). The map 7 reverses the suspension
coordinate R U {oco} when mapping it to the cone coordinate in Cy (W, 0,W) C
Cw (W, 0W), and now inspection shows that the composite of the maps on the left in

the above diagram is the negative of the suspension of the map
SL s aOWl/(aoWCRL)

associated with s(W, ag, a1, 7w, Ow) € ObjC;. Thus the anticommutativity of the
square on the left in diagram (5.20) follows. For 0;W, the map 7 preserves the
direction of the suspension coordinate when mapping it to the cone coordinate in
Cw(W,0,WW), and the commutativity of the square on the right in diagram (5.20)

follows from a diagram similar to the one above. O]

Let us define

and
Oy =01:2Z(d)— MTSO(d).
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With this notation, Proposition 34 states that the diagram

YPO0bjCf +——XPMorC; ——— ZF0bjC;
l l l 5.21)
MTSO(d) 22— Z(d) —2— MTSO(d)

commutes (in the homotopy category). Moreover, from the fiberwise version of

Lemma 32 we obtain
dp =~ 0y + 0, : Z(d) - MTSO(d — 1)
so that we get the equivalence
Op~0,—0y:Z(d) — MTSO(d—1). (5.22)
So far we have succeeded in constructing maps
YP0bjCy — MTSO(d—1) and XPMorCl — Z(d);
our next goal is to generalize these maps to maps
YFO0bjC(K) - MTSO(d—1)ANKy and YFMorC;(K) — Z(d) N K.

involving a background space K. Let us first consider the map featuring ObjC; (K).
Suppose (M, a, Tar, Onr) € C comes from Cy ;. Then for a map f: M — K, we have
a map

St — MYMERY) Gt (REYa A K,

where the first map is the Pontryagin-Thom collapse map associated with the tubular

neighborhood O,,;, and the second map is induced by the map

(Fars f) : M — Gr} (RY) x K.
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In this way, we get a map
map(M, K), — QF(Grl_ (RF)i1 A KL) — Q¥(MTSO(d — 1) A K)
and more generally a map
ObjCy(K), — Q*(MTSO(d —1) A K ). (5.23)

The desired map
YT Obj CIH(K)— MTSO(d—1)AK,.

is now the adjoint of (5.23).

Let us next consider the construction of the map
YPMorCf (K) — Z(d) N K.
Suppose (W, ag, a1, 7w, Ow) € MorC;j comes from C; . Given a map
o (twhX =Y
of ex-spaces over BSO(d), we can construct a map
X Amap(W, K) — (Tw)" (Y AN K}) (5.24)

over W by sending a point x A f in the fiber over w € W to the point é(:v) A f(w),
where
¢: X = (fw)Y

is the adjoint of ¢. Taking the adjoint of the map (5.24), we see that ¢ induces a map

(T (X Amap(W,K),) =Y ANK,.

Applying this construction to the map from the (7 );-pushforward of diagram (5.10)
to the diagram (5.11), then applying the functor r(— Agpso() Spgo(e): and making
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use of the homotopy equivalence S(v4) ~ BSO(d—1), we get a map from the diagram

of spectra

//’\ //—\
18 W TOooW —T a W T81W a W TOLW

\/\

(W-TW s=tow -ToW) — S 5°W [ Amap(W, K).

/\/

la W TOLHW W T(90W) aOW—T%W
\—/ \_/

(5.25)
to the diagram

/"_\ /‘—\
SIMTSO(d — 1) S BSO(d) MTSO(d — 1)
/
MTSO(d) Z(d) S*BSOW) | A K,
N //
Y
STIMTSO(d—1)  £PBSO(d) MTSO(d — 1)
V \//

0
(5.26)

where again we are working in the homotopy category. In particular, we get a map
(W=TW = 1ow =T A map(W, K), — Z(d) A K4,
and composing with the map
S Amap(W, K), — (W= S 19w =T A map(W, K)
induced by the map (5.16), we get a map

X¥map(W, K) — Z(d) N K.
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Our constructions have been sufficiently natural to work fiberwise over Mor C;, and

SO we get a map

(Mot Cf (K),U)+ — r*(Z(d) A K. )+

%0;
whose adjoint gives us a map
YPMorCj (K) — Z(d) N K.
Pairing this map with the map
EPO0bjCy(K) — MTSO(d - 1) ANKy — Z(d) N Ky
where the second map is induced by the map (5.19), we obtain the desired map
S¥MorCf (K) = S20bj Cf (K) VEXMor Cf (K) — Z(d) A K.

The analogue of Proposition 34 holds for the maps we have constructed, giving

rise to the homotopy commutative diagram

%20bj Ci (K) +— NMor C (K) —-— %°0bj C; (K)

T

MTSO(d) A K, Z(d) MTSO(d) A K,

60/\K+ 81/\K+

For later use, we also note that as part of the map from (5.25) to (5.26), we have the

homotopy commutative square

(W=TW S=1oW =T A map(W, K) ——— Z(d) A K4

h hp (5.28)

52 (W x map(W, K)) — 2w, 5100 BSO(d) x K)
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which is the fiber over (W, ag, a1, 7w, Ow ) of the homotopy-commutative square

DW Misret (Mor Cy (K),U)+ r(Z N Ky)

J (5.29)

Sesrer W mw)i Astgre; (Mor € (K), U) s —— S (BSO(d) x K)

of spectra over Mor C; . The commutativity of the square (5.28) will play an important

role in the proofs of Lemmas 39 and 40 below.

5.3 A fiber bundle approximation

Let W be a connected cobordism between non-empty closed 1-manifolds. According
to [CMO7], Section 4.2, the fibers of the fibration

map(W, BG) = map(d,W, BG). (5.30)

given by restriction of maps to the incoming boundary have the homotopy type of
QBGXW) ~ G=xW) whence Theorem 26 implies that the space map(W, BG) is
Costenoble-Waner map(dyW, BG)-dualizable. The aim of this section is to prove the

following more precise result. In particular, it identifies the spectrum

ov* OSE(C‘;/V)ad(EG)

over map(W, BG) as the twist involved in the pretransfer map induced by s. Here
ad(EG) denotes the vector bundle

EGXGQ%BG
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over BG, where g is the Lie algebra of G equipped with the adjoint action,
evy, : map(W, BG) — BG

is the map given by evaluation against a fixed point wg of W, and x (W) denotes the

Euler characteristic of W.

Proposition 35. Choose a basepoint wg € W. Then the spectrum evaOSégv)ad(EG)

over map(W, BG) is a Costenoble-Waner map(0yW, BG)-dual of Swapw,Bc)-

We will prove Proposition 35 by comparing the fibration (5.30) to a fiber bundle
where the fiberwise Costenoble-Waner dual of the total space can be identified using
the results in [MS06]. Let g be the genus of W, and let p and ¢ denote the number
of incoming and outgoing boundary components of W, respectively. Then we can
view W as obtained from a regular 4¢g-gon with p 4+ ¢ open disks removed from the
interior by identifying edges pairwise in the usual pattern. (If ¢ = 0, we consider
W as obtained from a disk with p 4+ ¢ holes by collapsing the boundary circle to a
point.) Choose a vertex of the polygon (or, if g = 0, pick any point on the boundary
of the disk). Choose an embedding ¢ of the wedge sum \/**~' S to the polygon (or
disk) such that ¢ is smooth away from the basepoint \/* 41 61 such that ¢ sends
the basepoint of to the chosen vertex of the polygon (or to the chosen point of the
boundary circle) and all other points to the interior of the polygon (or disk), and such
that the image of ¢ restricted to each summand of \/* 471 §1 gurrounds precisely one
of the disks removed from the polygon (or disk), with all of the p + ¢ removed disks
except for one corresponding to an outgoing boundary component surrounded by one

of the summands of \/* T4~ 81 in this way. Now combining ¢ with the embedding
29
\/ st = w

given by the boundary edges of the polygon, we obtain an embedding

p+g—1

Ve=(V s)v(Vs)-w 531
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where we have denoted n = 2g+p+q—1=1— x(W). Expanding the disks removed
from the polygon (or disk) gives a deformation retraction from W to the image of
the embedding (5.31), and from the construction of (5.31), we obtain a homotopy-
commutative diagram

Hp Sl \/n Sl
h l 6532
oW — W

in which the top horizontal map factors as

ﬁSl %\p/Sl<—>\n/S1,

where the first map is given by the identification of the basepoints of the p copies of
St and the second map is given by inclusion of summands.

Diagram (5.32) induces a homotopy-commutative diagram

map(W, BG) —>— map(dyW, BG)

1
Q

(5.33)
LBG*#6" ——————— [BGP

where X pgg indicates fiberwise product over BG, the map from LBG to BG being

given by evaluation at the basepoint of S'. It is well-known that
EG x¢ G* ~ LBG

and for example from [Gru07], Appendix A, we know that this equivalence can be
realized by a zigzag of weak equivalences of spaces over BG where the structure map

of each space over BG is a fibration. It follows that we have an equivalence

map(S", BG) " = (EG x G*) " x EG x (G™)"
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where the action of G on (G®)" is the diagonal one. Thus we get a homotopy-

commutative diagram
LBG*B6" ————  LBGP
~ ~ (5.34)
EG xg (G*" ——— (EG x g G*)P

where i-th coordinate function of the bottom horizontal map is induced by the pro-
jection

(Gad)n N Gad
to the factor corresponding to the i-th incoming boundary component of WW.

We would like to replace the bottom horizontal map in (5.34) by a fiber bundle.

To this end, observe that we have the homotopy-commutative diagram

EQG X (Gad)n 4A> EQGP X (Gad)n
pr

EG x¢ (G

pr

Al

EG? x¢ (Godyp (5.35)

EGP o (G2)P

~
~

(EGP x g Gad)P
where the maps labeled A are induced by the diagonal map

EG = EGP
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and the maps labeled pr are induced by the projection
(Gad)n N (Gad)p

onto the factors corresponding to the incoming boundary components of W. The
action of GG on products is the diagonal one, and the second-last vertical map is
induced by the diagonal inclusion G < GP. Notice that the composite of the vertical
maps on the left is the bottom horizontal map of diagram (5.34)

We will show that composite map from the top right hand corner to the bottom
in diagram (5.35) is a fiber bundle. Let

P = EGP x (G*)?.
Then the coordinatewise right actions make P into a principal GP-bundle. Denote
X =G""x (GP/AG)
where AG C GP is the diagonal subgroup, and let G? act on X from the left by
7+ (9,9AG) = (mgn 79 AG)

where g € G P and ¥ = (71, ...,7,) and ¢’ are elements of GP. Then the projection
map

P xe X — P/GP (5.36)

is homeomorphic to the composite
EGP x¢g (G*" = (EG x¢g G*)P
in diagram (5.35). Thus we get the diagram

EG x¢ (G*)" —— (BEG x ¢ Gy

Nl b (5.37)

PxgX————P/GP
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Combining diagrams (5.33), (5.34) and (5.37), we get a homotopy-commutative dia-
gram
map(W, BG) —— map(d,W, BG)
. - (5.38)

PxmX———P/GP

Thus we have succeeded in our goal of showing that s is equivalent to a fiber bundle.

Our next aim is to identify explicitly the Costenoble-Waner P/GP-dual of Pxg» X.
By Theorem 18.6.1, Proposition 18.3.2 and Corollary 19.4.4 of [MS06], this dual is
S;;Vg’; +» Where Ty is the vertical tangent bundle of (5.36), so our task is to identify

the isomorphism type of Tyeri. We have a diffeomorphism
GP/AG = qrt

sending gAG with g = (g1,...,9,) to the point (gag;',..., 9,97 "), and under this
diffeomorphism the left translation action of GP corresponds to the action of G? on

GP~1 given by

(VoY) (G5 Gp1) = (21 s - - s Y171 ).

Crossing with the identity map of G" P, the diffeomorphism gives us a diffeomorphism
X =G"?x (G’/AG) ~ G"*
Let V = g™ ! and let G? act on V via the projection
G’ — G

onto the first factor and the diagonal action of G on g"~!. By inspection, we have a

]

pullback square of GP-spaces
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and hence, by applying P Xa» (—), a pullback square

Tvert —— P Xarp 1%

[

Pxe X ———P/GP

In particular, the vertical tangent bundle 7. is a pullback of a bundle over its base

space.

To analyze P Xgr V', observe that
Pxa V= (EG” x (G*P) xg» V = EGP x ¢ ((G*)P x V)

where we have converted the right action of GP on (G*¥)? to a left one. We have the

pullback square of GP-spaces

(GNP x V——V

"

(G*)p ———— pt
and applying EGP Xg» (—), we obtain a pullback square

PxagpV——FEGl X@ V

] o

P/GP —— BGP
Furthermore, recalling the action of GP on V', we see that there is a pullback square

EGP X V——(n—1)ad(EG)

ST e

BGP BdG

where pr; is projection onto the first coordinate. Combining the pullback squares
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(5.40), (5.42) and (5.43), we obtain the pullback square

Tvert ——— (n — l)ad(EG)

]

Pxgp X —— BG

Under the equivalence
map(W, BG) ~ P X¢gr X
of (5.38), the classifying map

PXGPX%BG

obtained in (5.44) for 7yey corresponds to the map
evy, : map(W, BG) — BG (5.45)

given by evaluation against the point w that is the image of the basepoint of \/" S*
under the embedding (5.31). Since W is path connected, the map ev,, and the map
evy, of Proposition 35 are homotopic. Recalling that x(W) = 1 — n, the claim in

Proposition 35 follows.

Remark 36. In the above argument, the first coordinate of G? seemed to play a special

role, but this is of course illusory. We have a commutative diagram

PXGPX

~
~

EG x¢ (GA)" —2 BGP x g (Gad)»

J

BdG BGP
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where the map pr, is projection onto the i-th coordinate. For ¢ = 1, the composite of
the right hand vertical maps is the classifying map for 7y obtained in (5.44). How-
ever, it turns out that the composites of the right hand vertical maps are homotopic
for all i: one just needs to observe that the composite map from EG x5 (G*)" to

BG in the diagram is independent of 1.

5.4 The field-theory operations

In this section, we will finally construct our field-theory operations. Our main result
is Theorem 41, which, given a commutative S-algebra R and a piece of orientation
data we call a universal R-orientation, asserts the existence of a field theory op-
eration associated to a single cobordism W. This operation goes from a twisted
version of the R-homology of map(dyW, BG) to a twisted version of the R-homology

of map(0;W, BG), and arises from a pull-push construction in the diagram
map(9yW, BG)+=>—map(W, BG)——map(d, W, BG),

where the maps s and t are given by restriction. The role of the universal R-orientation
is to give rise to the R-theory twistings of map(dyW, BG) and map(o, W, BG), and to
provide a compatibility relation between the pullbacks of these twistings to the space
map (W, BG).

To prepare the way to the definition of the notion of a universal R-orientation, let

us begin by introducing notation. Let oy denote the composite
0y : BT (BSO(2) x BG) & ¥¥BG % ko

where the latter map classifies the vector bundle ad(EG) = (EG x¢ g — BG), where
g denotes the Lie algebra of GG. Likewise, let o; be the composite

04 : BT(BSO(2) x BG) = Spt 2 ko

where d is the dimension of G and the latter map classifies the d-dimensional trivial
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bundle. We have a short exact sequence of KO-groups
0 — KO(BSO(2), A BG) = KO(BSO(2) x BG) — KO(BSO(2)) — 0,

and we let
gg: X BSO(2) AN BG — ko

be a map representing a lift of the difference oy — 04 from the group in the middle
to the one on the left. Let R be an commutative S-algebra, that is, a commutative
monoid in some suitable category of spectra. Inspired by Freed, Hopkins and Teleman
[FHTO07a], we make the following definition.

Definition 37. A universal R-orientation is a null homotopy of the composite
MTSO(2) A BG — £ BSO(2) A BG 2% ko — lines(R)

Two universal R-orientations are called equivalent if the null homotopies are homo-

topy equivalent.

Here the spectrum line,(R) and the map ko — line,(R) were discussed in Sec-
tion 3.6. We observe that by standard arguments, if a universal R-orientation exists,
then the set of equivalence classes of universal R-orientations is a torsor over the
abelian group

[XMTSO(2) A BG, line,(R)],

and that a universal R-orientation is equivalent data to the choice of a map ¢ together

with a homotopy making the diagram

$*BSO(2) A BG —— MTSO(1) A BG
7 :

59J e € (546)

<~

ko line, (R)

commutative. In fact, it is in terms of the dotted data in diagram (5.46) that we will

usually think of a universal R-orientation.
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The notion of a universal R-orientation would not be a very useful one if such
orientations did not exist. Luckily, the existence of universal R-orientations is fairly
common, as demonstrated by the following proposition. Recall that a cohomology
theory is called complex oriented if every complex vector bundle comes equipped with
a canonical orientation with respect to the theory. Examples of such theories include

ordinary cohomology HZ, complex K-theory K, and complex cobordism MU.

Proposition 38. Suppose R represents a complez-oriented cohomology theory. Then

there exists a canonical universal R-orientation.

Proof. The proof of the first part of Theorem 3.24 in [FHTO07a] goes through with
line,(R) in place of the spectrum pic,K considered in [FHT07a], giving the desired
result. O

Let us now fix a universal R-orientation. The composite

2F0bjCy y(BG) — £T0bjCS (BG) — MTSO(1) A BG, —
— MTSO(1) A BG = line,(R)

defines an R-line bundle £ over the space Obj C;f 5(BG). Likewise, the composites

£¥Mor Cf,(BG) — SXMorCf (BG) — Z(2) A BG, 225

LB, S0 BSO(2) A BG, = S°(BSO(2) x BG) 5 ko
and
£¥Mor Cf ,(BG) — SXMorCf (BG) — Z(2) A BG, 2225
LB S BSO(2) A BGy = S¥(BSO(2) x BG) 25 ko

give rise to S-line bundles 7; and 7; over the space Mor C;f 5(BG), respectively. We
observe that 7y is the pullback of the S-line bundle 7, over Mor C; o classified by the
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composite

S¥Mor Cf j—— 5 Mor Cf ——Z(2) =5 BSO(2) —— S pt—2=ko.

Frequently, we will need the just the parts of £, 7; and 7T, that lie over a fixed
object or morphism of C;,. Given an object M = (M, a,7a, Onr) of C5,, we will
denote by &y the restriction of £ to the fiber map(M, BG) over M € Obj C;fa of the
forgetful map

U : Obj C;fa(BG) — Obj C;a-

Similarly, given a morphism W = (W, ag, a1, 7w, Ow) of C; 5, we define 7w and
Taw to be the restrictions of 7, and 7; to the fiber map(W, BG) over the point
W € MorCy, of the forgetful map

U : MorCy 5(BG) — MorCy .

Furthermore, we will denote by 77y the fiber of 77 over the point W € MorC;,. We

observe that 7w is then a pullback of 77y, and hence a trivial S-line bundle.

Consider the diagram
£¥Mor €}, (BG) —— 0, (5°0bj Cf ( BG))*?

»*Mor Cf (BG) —— 2 (520bj Cf (BG))*?

Z(2) A BG.. 00, (MTSO(1) A BG4 )*?
p (—id,id)

Y*BSO(2) A BGy —2—— MTSO(1) A BG4

%*BSO(2) A BG ——2—— MTSO(1) A BG

ag / €
ko line, (R)




96 CHAPTER 5. TOWARDS A FIELD THEORY

Each square in the diagram is at least homotopy commutative. The second square
from the top commutes by diagram (5.27), and for the third square from top, the
commutativity follows from equation (5.22). For the bottom square, the map € and
the indicated homotopy are given by the universal R-orientation. For the remaining
squares, the commutativity is obvious. From the homotopy commutativity of the

diagram, we deduce the existence of an equivalence
(g AMor ¢, (BG) Ty AR=E AR Morcf ,(BG) (s*€)~ (5.47)

of R-line bundles over Mor C;,(BG), and we can rewrite this equivalence as an equiv-
alence

5" Miorct o (8a) Ta = 1€ Miores ey Ta (5.48)

Let us now fix a non-identity morphism W = (W, ag, a1, 7w, Ow) of C;f 5- Then

the source and target maps in the category C;T 5(BG) restrict to give a diagram
map(9yW, BG)+—map(W, BG)——map(d, W, BG), (5.49)
and the equivalence (5.48) restricts to an equivalence

5" Eaow Nmapw,Ba) Taw = t"Ea,w Amapw,Ba) Taw (5.50)

of R-line bundles over map(W, BG).
The following lemma is a key step in the construction of the field theory operations,
as it identifies Ty as the twisting associated with the umkehr map induced by the

map s in diagram (5.49).

Lemma 39. The spectrum Tgw over the mapping space map(W, BG) is a Costenoble—
Waner map(0yW, BG)-dual of Swap(w,Bc)-
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Proof. By diagram (5.28), the diamond in the diagram

Ymap(W, BG)

S A map(W, BG)

|

W S=LoW =T A map(W, BG) +

/

\ TWPTw eV
/

$2(BSO(2) x BG)

/

ST BG

g

ko

97

(5.51)

commutes up to homotopy. Observe that the spectrum 7w over map(W, BG) is

classified by the composite map down from the top to the bottom of the diagram

along the left-hand route. Let us first consider the case where W is connected. From

Spanier—Whitehead duality theory, we know that the map

S — (WIW S tgw Ty — v

that features in the composite down the right-hand route represents x (W) times the

generator of 7§ (W,) = Z. On the other hand, the generator of 7§ (W,.) is represented
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by any map of spaces
wy : Y — W,

where the non-basepoint point of S is sent to a point wy of W. Thus the composite
down along the right-hand route is equivalent to x (W) times the map

2280 A map(W, BG); % (W x map(W, BG)) % ©°BG % ko

whence the claim follows from Proposition 35. This proves the lemma in the case
where W is connected.

Suppose now W consists of connected components W7, ..., W,. Then our fibration
map(W, BG) — map(dyW, BG)
is the product of the fibrations
map(W;, BG) — map(dyW;, BG),

1=1,...,k. Let

k
m; : map(W, BG) =~ Hmap(Wi, BG) — map(W;, BG)

i=1

be the projection. In general, if E; — B; and Fs; — B, are fibrations whose fibers are
Costenoble-Waner dualizable, and 7; is a Costenoble-Waner B;-dual for Sg,, i = 1,2,
then the product map

Ei x Ey — By x By

is a fibration with Costenoble-Waner dualizable fibers, and Sg, x g, has By x By-dual
Ty Agyxm, TaTh

where
ﬁ'iiElXEg—)Ei,
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1 = 1,2 are the projections. In terms of classifying maps, we thus want to show that

Tow is classified by the sum
k

*TC
=1

where 7;‘:%,[, is a classifying map for Ty w,.

In the commutative diagram

Ymap(W, BG) ik Y *map(W;, BG)

S Amap(W, BG); ————— S Amap(W;, BG)

J J

(VVi—TWi , Z—laVVi—T(aWi) 71'7; (VVZ_TWZ , Z—laVVi—T(aWi)

—
Amap(W, BG) Amap(W;, BG)
> BG
g‘/
ko

the composite map from the top left hand corner to ko along the top and the right
hand side of the diagram is Wfﬁ%@-? so the composite along the left hand side of the
diagram also provides a classifying map for 77, w,. Now the claim follows from the

observation that the map
S — (W sTlow oW

is equivalent to the composite

k k
S =\ S =\ w ™ s tow oM

i=1
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where the first map is the k-fold pinch map and the second map is the wedge of the
maps

S — (W STgw T,
i=1,... .,k O

Lemma 40. The spectrum 7:,W over the point W € Mor C 20 Us equivalent to Sx(w

so that the spectrum Taw over map(W, BG) is equivalent to Sfflap I/?/BG)

Proof. We have the homotopy-commutative diagram

W}

T
W ™ Z 18W T8W)

SEW (5.52)

-
Ny

XBSO(2) /
e
Efptg/////
d
ko

The composite from top to bottom along the left-hand route classifies 7;y,. On the
other hand, from Spanier—Whitehead duality theory of manifolds, we know that the

composite map

S — (WTW S71ow oWy 5 W — S°pt ~ S
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contained in path from top to bottom along the right-hand route is the map of degree
X(W). The claim follows. O

We are now ready to construct the field-theory operation associated with a mor-
phism W of C;f 5- The following theorem is the main result of the second half of this

thesis.

Theorem 41. Suppose M; = (M;, a;, Tar,, Ounr,), @ = 0,1, are objects of C;Ta. Then a

non-identity morphism W = (W, ag, a1, Tw, Ow) from My to My induces a map
Hy(map(Mo, BG); Eny) — He—aywy(map(My, BG); Enr) (5.53)

in the homotopy category of R-modules.

Proof. The source and target maps in the category C;f 5(BG) restrict to give us the
diagram
map(Moy, BG) < map(W, BG) % map(M;, BG). (5.54)

The map (5.53) is now the composite

H.(map(My, BG); Eagy) ——+Ho(map(W, BG); s*Enty Amapw.5c) Tow)
~ H,(map(W, BG); t"En, Amapow,Ba) Taw)
~ H,_w)a(map(W, BG); t*En,)

ty

HH.—X(W)d(map(Mb BG)’ ng ) :

Here the map s~ exists by Lemma 39. The first equivalence follows from equation
(5.50), and the second one from Lemma 40. O

5.5 Connections and conjectures

Having constructed the field-theory operation associated with a single cobordism in
Theorem 41, in this section we will discuss conjectures that would take us closer to
the construction of the Homological Conformal Field Theories we were referring to in

Conjecture 1. In particular, we will show how the homological conformal field-theory
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operations would easily arise from the existence of a map of spectra over Mor C;f 9
which restricts to the operations of Theorem 41 on fibers. In addition, we will briefly
discuss the connection of our conjectural field theories to Chataur and Menichi’s
[CMO7] and Freed, Hopkins and Teleman’s [FHT07a] work.

While our construction of the map (5.53) is not natural enough to ensure that the
maps (5.53) for varying W fit together to give a map of spectra over Mor C;fa, it is
natural to conjecture that with a sufficiently careful construction, this would be the
case. The following diagram displays the relevant spaces and maps. The triangles
at the bottom left and right hand corners of the diagram are pullback squares, and
the diagram (5.54) featuring in the construction of the field-theory operations of
Theorem 41 is the fiber over W € Mor C;f s of the upper part of the central diamond.

Obj €5 »(BG) +——=—— Mor C; 4(BG) —>ObJC 5(BG)

e

U 5*Obj C;,H(BG) v t*0ObjCy, U (5.55)
Obj C - Mor C5, ! Obj Csy

The chief missing piece in the construction of the conjectural field theory opera-
tion over the space Mor C;, is the identification of the spectrum 73 over Mor Cy »(BG)
as the twisting associated with the pretransfer map induced by the map § in diagram
(5.55). Moreover, while not strictly necessary for the construction of the opera-
tion, it would be important to identify the homotopy type of the spectrum 7, over
Mor C;f 5(BG) as well. The following conjecture is a strengthening of Lemma 39.

Conjecture 42. The spectrum Ty over the space MorC;’a(BG) 18 a Costenoble—
Waner s*ObjCy 5(BG)-dual of Smorcy ,(BG)-

As for the spectrum 75 over Mor C;’ 5(BG), according to Lemma 40, the restrictions
of T4 to the fibers of the map

Mor C3 »(BG) RN Mor C3 5,
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are trivial, but we do not expect 7 to be trivial over the whole space Mor C;f 5(BG).
Let 2 be the virtual vector bundle over Mor C;: 5 Whose fiber over a non-identity
morphism W is

XH.(W,9,W; RY) = —H,(W,0,W; RY)

where y indicates the difference of the even- and odd-dimensional parts of the graded
vector space H, (W, 9,W; R?); the displayed equality then follows by the assumption
that every connected component of W has both incoming and outgoing boundary
components. Over the identity morphisms, we take 7 to be the zero bundle. The
discussions in [CMO7], Section 11, and [FHTO07a], Section 4, suggest the following

generalization of Lemma 40.

Conjecture 43. The spectrum T, over Moer 15 equivalent to S orCl,’ so that
* %ﬂ

Assuming that Conjecture 42 holds, we can construct the field-theory operation
over Mor C;’ 5 by a pull-push construction in the upper part of the central diamond in
diagram (5.55). More precisely, we get the following map (in the homotopy category

of R-modules over MorCy ).

Ha(5"0bj C5 o ( BG); pri€) ——Ha(Mor Cf ,(BG); 5'prié Mtorc o(Ba) To)
~ H.(MorC;a(BG), s*E Mtor ¢ o(BG) Ts)
= H.(MorCS“a(BG), t* EAMorc+ (BG) Ta)
~ H.(MorC;,(BG); t*E Mor ¢ (BG) U T (5.56)
~ H.(MorC,,(BG); t°€) AMorcy, T4
~ 'H.(MOI‘CS‘B(BG), pri€) Ayioret. T
LML (# OB CF o (BG): pri€) Aorces. T4

Here the umkehr map 5 exists by Conjecture 42. The second equivalence from the
top follows from equation (5.48), and the second equivalence from the bottom is a

consequence of the projection formula.
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We will now explain how the map (5.56) would give rise to the kind of oper-
ations one would expect from a Homological Conformal Field Theory. Let M; =
(M;, ai, Tar,, Onr,), @ = 0,1, be objects of C;fa. Then under the equivalence of the ana-
logue of the equation (5.2) for C;,, the restriction of the diagram (5.55) from Mor C,
to Cy »(Mo, M) gives the diagram

EDiff+(W; oW) :
Mo, BG) —— L, My, BG
map( v ><D1H+(W OW) map W7 BG) — map( b )
) BDIff+(W; W) [Ty BDfE*(W; 0W) (5.57)
xmap(Mo,BG) xmap(Mi, BG)
{Mo} : [ 1w BDHET (W 0W) ! {M.}

and the restriction of the map (5.56) the map (in the homotopy category of R-modules
over [ [y, BDift*(W;0W))

. ( [ BDIff*(W; W) x map(Mp, BG): pr;;gMO)
4
—H, ( H BDift " (W; 0W) x map(My, BG); prT5M1> N1y BDIfE+(W;0W) T/
(W]

(5.58)

where 7, denotes the pullback of 7] to H[W] BDiff+(W; 0W). Applying the functor

Ty (— Al BDiff+(W:0W) (7;")71) )

where r denotes the constant map to the one-point space, and using the projection

formula, we obtain a map

H, ( H BDift " (W;0W) x map(Moy, BG); pre€a, M) 7r5‘(7;”)’1>
W]
S H, ( [ ] BDitt* (W;0W) x map(My, BG): pr;5M1> .
W]

(5.59)
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The domain of this map is equivalent to

H.(]_[ BDiff* (W; OW); (7;;/)—1) A H. (map(Mo, BG); gMO)
(W]

while (pr,); gives a map from the codomain to the R-module
H,(map(Mi, BG); & ).
Thus we get a map (in the homotopy category of R-modules)

H.(]_[BDW(W;@W); (7;;')*1) A H, (map(MO,BG); 8M0>
(W] (5.60)
— Hq(map(Mi, BG); En, ).

It is these maps for varying M, and M; that give the Homological Conformal Field
Theory operations we had in mind in Conjecture 1.

We will now comment briefly on the connection of the HCFT operation 5.60 to
the Chataur—Menichi string topology of BG; this will also be an opportunity for us to
discuss the twisting (7;")~! appearing as the coefficients of 1w BDUHET (W;0W) in
5.60. In [CMOT7], given a field k and a cobordism W, Chataur and Menichi construct
HCFT operations

(det Hy (W, 0W; Z))®? @ H,(BDift (W;0W); k) ®, H,(map(dW, BG); k)

(5.61)
— H,(map(0;0W, BG); k)

where the factor (det H, (W, 9oW; Z))®¢ is to be thought of as having degree —dx (W).
In terms of universal R-orientations, these operations would correspond to a case
where R is the Eilenberg-Mac Lane spectrum Hk, and the map ¢ in diagram (5.46)
is zero. Thus such a universal orientation would simply correspond to a null homotopy

of the composite

S®BSO(2) A BG 25 ko — lines(R).

Recalling the definition of o4, we see that a choice of an orientation of the vector

bundle ad(EG) over BG is enough to induce such a null homotopy. Notice that
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for G connected the vector bundle ad(EG) is always orientable, for then the ad-
joint representation of G factors through SO(d), but ad(EG) may fail to be ori-
entable in general. Indeed, Chataur and Menichi assume that G is connected in their
work.

Let us denote by x4 the vector bundle

[ EDitt* (W; 0W) Xpig+ awowy Hi(W, 00W; RY) — [ [ BDift* (W; 0W),
W W

and let us assume from now on that Conjecture 43 is correct. Then

(T3) ' = 21Ty BDifer(W;aW)Sﬁd[W](..)'
It follows from [God07], Lemma 20 that y, is orientable, so that
(T;)""NHZ

is a trivializable HZ-line bundle. A choice of a trivialization is equivalent to the
choice of an orientation for y4, and over a single component BDiff*(W;0W) of
H[W] BDiftf(W;0W), an orientation of y, corresponds to the choice of a genera-
tor for the Z-module (det H,(W,0W;Z))®¢. Thus, with a universal Hk-orientation
of the type we discussed above, upon passing to homotopy groups, the map (5.60)
would give rise to a map as in (5.61), where the factor (det H, (W, 0W; Z))®? encodes
a choice of trivialization of the spectrum (7;)~!' A HZ over BDiff™(W;0W), and
hence also of the spectrum (7])~' A Hk over BDiff™(W; 0W).

Having discussed the connection of our field-theory operations to Chataur and
Menichi’s string topology of BG, we will now briefly comment on their relationship
to Freed, Hopkins and Teleman’s field-theory operations [FHTO07a]. The classifying
spectrum pic, for geometric K-theory twistings considered by Freed, Hopkins and
Teleman admits a map to line,(K), and hence a universal orientation in the sense of
Freed, Hopkins and Teleman gives rise to a universal K-orientation. The definitions
of Freed, Hopkins and Teleman’s operations and ours are then parallel: the Freed—

Hopkins—Teleman operation associated with a cobordism W arises from a pull-push
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construction in the correspondence diagram
Magw <= My 5 Mo, (5.62)

of moduli stacks of flat G-connections, while ours arises from a pull-push construction

in the diagram
map (W, BG) += map(W, BG) -5 map(d; W, BG) (5.63)

obtained from diagram (5.62) by passing to classifying spaces of stacks. There is one
complication in that Freed, Hopkins and Teleman work with K-cohomology and use a
pretransfer map induced by the map ¢ in the construction of their operation, while we
have worked homologically and use pretransfer map induced by the map s. However,
Poincaré duality for the stacks of (5.62) should help to bridge this gap.

We conclude by acknowledging two major omissions in the discussion of our field
theories. First, we have not said anything about the functoriality of our operations.
In terms of the map (5.56), the functoriality of the operations should be expressed
in terms of a compatibility relation between the pullbacks of the map (5.56) over

Mor Cy , under the three morphisms
+ + +
Mor Cy 55 Xovjct, tMor Cy 5 — MorCy

given by composition and the projections to the two factors. We will not spell out the
details here. Second, field theories should be symmetric monoidal functors, and we
have not touched this aspect of our operations at all. A prerequisite for the discussion
of the monoidality of our field-theory operations would be a good understanding of
the sense in which the cobordism categories C; » are symmetric monoidal categories.
It seems to us that the symmetric monoidal structure on the category C;f 5 should be
best expressed by an action of an E,, operad on the spaces of objects and morphisms.
Indeed, thinking of R” as an open L-cube, the little L-cubes operad acts naturally
on Obj CZ ;. and Mor CZ 1., and these actions are compatible as L goes to infinity. The
monoidality of our operations should then be expressed as a compatibility of the map

(5.56) with the E., action on Mor C;f 5- Again, we leave the details for future work.
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